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Tue twenty-eighth summer meeting of the Society was 
held at Wellesley College, Wellesley, Massachusetts, Septem- 
ber 7-9, 1921, in conjunction with the meeting of the Mathe- 
matical Association of America. Joint sessions devoted to 
discussions of the theory of relativity were held by the two 
organizations on Wednesday afternoon and Thursday morning 
(September 7-8). The joint dinner on Wednesday evening 
was attended by one hundred eleven members and friends. 
At the close of the sessions, a resolution was passed thank- 
ing the college authorities and the Wellesley members of the 
committee on arrangements for their generous hospitality. 

Tower Court was opened for the accommodation of the 
visitors. By courtesy of Mrs. Walter Hunnewell, the Hunne- 
well Gardens were open to visitors on Tuesday afternoon. 
On Tuesday evening an organ recital was given in Houghton 
Memorial Chapel by Professor H. C. Macdougall of Wellesley 
College, after which many embraced the opportunity of 
visiting Whitin Observatory. On Wednesday afternoon, the 
Denton Brothers’ remarkable collection of butterflies was an 
attraction to many. On Thursday evening, the treasure room 
of the Library was open, and many ancient books and manu- 
scripts, both mathematical and otherwise, were on exhibition. 
An automobile excursion to Concord and Lexington was held 
on Friday afternoon. 

Besides the joint sessions, there were regular meetings for 
the presentation of papers on Thursday afternoon and on 
Friday morning. The attendance at all the scientific sessions 
included the following ninety-one members of the Society: 

Archibald, Bacon, Barnett, Barney, S. R. Benedict, Bennett, 
Bill, Birkhoff, Blair, Bliss, Blodgett, Borden, E. W. Brown, 


| 
i 
| 


2 AMERICAN MATHEMATICAL SOCIETY [Jan.—Feb., 


Cairns, B. H. Camp, Chace, G. M. Conwell, Coolidge, Cope- 
land, Crum, Currier, Dimick, Doak, Donohue, Durfee, 
Eiesland, Eisenhart, Ettlinger, Falconer, Foberg, Fry, Gil- 
lespie, Gilman, Glenn, Gummer, Haskins, Hedrick, Archibald 
Henderson, Horton, Howland, Hulburt, Huntington, Hurwitz, 
Dunham Jackson, Kellogg, W. D. Lambert, F. P. Lewis, Long- 
ley, Lunn, Mathews, H. A. Merrill, A. L. Miller, G. A. Miller, 
H. H. Mitchell, C. N. Moore, H. C. M. Morse, Musselman, 
Norwood, Osgood, Palmié, Pell, Pierpont, V. C. Poor, Rambo, 
C. N. Reynolds, Harris Rice, L. H. Rice, R. G. D. Richardson, 
Ritt, E. D. Roe, J. R. Roe, Rutledge, Safford, Simon, C. E. 
Smith, P. F. Smith, Tripp, Tyler, Vivian, J. L. Walsh, Webster, 
H. S. White, Whittemore, Wiener, R. G. Wood, F. S. Woods, 
Worthington, Yeaton, J. M. Young, J. W. Young, Zeldin. 
President Bliss occupied the chair, being relieved by Vice- 
President Jackson and by Professor G. A. Miller. 
The Council met in Tower Court on Thursday. The fol- 
lowing were elected to membership in the Society: 
Dr. Nina May Alderton, University of California; 
Professor James Atkins Bullard, United States Naval Academy; 
Professor Frank Hollinger Clutz, Pennsylvania College; 
Dr. Paul H. Daus, University of California; 
Mr. James Strode Elston, Travelers Insurance Company; 
Mr. Laurence Monroe Klauber, San Diego Consolidated Gas and Electric 
Company; 
Dr. Cyrus Colton MacDuffee, Princeton University; 
Mr. Edward Bontecou Morris, Travelers Insurance Company; 
Professor Henry Martyn Robert, United States Naval Academy; 
President Levi Stephen Shively, Mount Morris College; 
Dr. Daniel Victor Steed, University of California. 


Thirty applications for membership were received. 

The report of the Budget Committee indicated a deficit 
for the year 1921 and a larger one in prospect for 1922, unless 
prompt measures are taken to remedy the situation. While 
there has been an increase in receipts over 1916 of about four 
thousand dollars, the expenditures have mounted more than 
five thousand, due in large measure to the increase in the cost 
of printing. It was decided to inaugurate a campaign for 
new members, and to this end to enlist the interest and 
assistance of all members of the Society. In order to facilitate 
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this campaign, By-Law I was suspended for the months 
November, 1921, to February, 1922, inclusive. 

It was voted that the Mathematical Society: of France be 
approached in regard to a reciprocity agreement concerning 
dues. Committees were appointed to deal with the following 
matters: life membership fees and funds; the desirability of 
publishing the Chicago Colloquium lectures; sale and acquisi- 
tion of back numbers of the journals and other publications 
of the Society; arrangements for the annual meeting. 


The following papers were read at the joint sessions with the 
Mathematical Association of America: 

Some mathematical aspects of the theory of relativity, by Pro- 
fessor James Pierpont. 

The place of the Einstein theory in theoretical physics, by 
Professor A. C. Lunn. 


Titles and abstracts of the papers read at the regular sessions 
follow below. Professor Schwatt’s first two papers were read 
by Professor Eisenhart and his third paper by Professor H. H. 
Mitchell. The papers of Professor Kasner, Miss Hausle, 
Professors Synge, Fischer, Kline, R. L. Moore, and Dodd, 
Dr. Gronwall, Professor Alexander, Professor Rowe, Dr. 
Wiener, Dr. Zeldin, and Professor Porter, were read by title. 


1. Professor L. P. Eisenhart: Linstein static fields which 
admit a continuous group G2 of transformations into themselves. 

For static phenomena in the Einstein theory the linear 
element of the space-time continuum can be taken in the form 
ds? = — ds,?, where dso? = for i,k = 1, 2,3 
is the linear element of the physical space S; and Vo and the 
functions a;, (= a,:) are independent of 2, the coordinate of 
time. Bianchi has found that there are two and only two 
types of three-spaces S that admit a continuous group G, of 
transformations into themselves. The author proposed the 
problem of finding the physical spaces, referred to above, 
which admit such transformations, with the idea that the ques- 
tion of symmetry of an Einstein space should be looked 
upon in this manner. The problem has been solved in this 
paper with the result that there are two classes of spaces of 
the first type of Bianchi, and four of the second type. In all 
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cases the quantities a;, are expressible as algebraic functions 
of one or two of the coordinates 2; (t +0). The spaces 
found are, in general, different from any previously known, as 
is shown by their geometric properties. 


2. Professor John Eiesland: On the class of a certain type of 
Einstein spreads. 

The author investigates the class of an Einstein spread 
having the following line element: 
(1) —ds?= (1+ + + sin® ddg*) — 
in which R, @, ¢ are spherical coordinates and ¢, ¢2 are arbi- 
trary functions of R. The following theorems are proved: 

1. If the space (1) is of the first class, the condition 


1 
(2) ¢1 $2 + (¢1’) | 
$2 


must be satisfied, and conversely. 

2. A space (1) is at most of the second class. 

A representation of the space in a flat 5-space is obtained 
for the case that (2) is satisfied, and another representation 
in a flat 6-space when (2) is not satisfied. With a slight 
modification of the condition (2), these theorems also hold 
for the more general stationary space 
— d= (1+ + R°(d# + sin? 6d¢*) — vsdRdt — ¢idé’. 


Applications are made to various spaces in the general theory. 


3. Professor Edward Kasner: The solar gravitational field 
and certain other fields completely determined by light rays. 


In this paper, which has been submitted for publication to 
the MATHEMATISCHE ANNALEN, it is shown that the solar 
field, taken in the Schwarzschild form, is exactly determined 
by its light rays. 

In a paper (AMERICAN JOURNAL, vol. 43, Jan., 1921, p. 20) 
the proof was given only for approximately euclidean forms. 
The present proof is valid for the complete equations. The 
same general method is then applied to the Minkowski form. 

Finally, the discussion is carried out for a very simple class 
of Einstein fields, namely, those in which the coefficients of 
the squares of the differentials are all functions of one variable, 
say 2; (see this BULLETIN, vol. 27, p. 62). It is shown that 
such fields are exactly determined by their light properties, 
and therefore the orbits (geodesics) can be calculated if we 
know merely the light rays (nullgeodesics). 

These fields may be represented as four-spreads imbedded 
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in a seven-flat, in contrast to the solar field which the author 
has shown can be imbedded in a six-flat (AMERICAN JOURNAL, 
vol. 43, April, 1921, p. 130). 

A corresponding discussion of dimensionality is carried out 

for Einstein’s more general cosmological equations 
Giz — iguG = 0. 

4. Professor G. A. Miller: Prime-power groups containing 
only one invariant subgroup of every index which exceeds this 
prime number. 

Among the theorems proved are the following: If 4 non- 
cyclic group of order p”, p being a prime number, contains 
only one invariant subgroup of every index which exceeds p, 
it must contain a cyclic subgroup of index p when p = 2, 
but when p > 2, each of its invariant subgroups whose order 
exceeds p must be non-cyclic. In all cases such a group must 
contain a subgroup of index p which includes all its operators 
whose orders exceed p’. When m> p+ 1 there are three 
and only thrte non-cyclic groups of order p” which have the 
property that each of them contains only one invariant sub- 
group of every index which exceeds p and one abelian subgroup 
of index p. If H, is such an invariant subgroup of order p* 
then the pth power of every operator in H,, m > a> 0, is 
found in H,-»41, where a — p+ 1 is to be replaced by zero 
whenever it is a negative number or zero. 


5. Professor G. D. Birkhoff: General mean-value relations. 

In this paper the following general problem is treated: a 
function f(x) and its derivatives are connected by one or more 
polynomial equations in which z has values 21, 22, ---, Zn; to 
determine when a specified linear differential expression in f 
necessarily vanishes within the interval of the z;’s. 


6. Professor G. D. Birkhoff: On plates of variable thickness. 


This paper contains a general method for the development 
of the elastic properties of plates of variable thickness. Only 
the case of constant thickness has been hitherto considered. 


7. Professor E. V. Huntington: Application of least squares 
to the problem of apportionment. 

The problem of apportionment may be attacked in two 
ways: (1) by the comparison plan, which seeks to minimize 
the inequality between each state and every other state; and 
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(2) by the summation plan, which seeks to minimize the total 
error of the apportionment. The comparison plan, as shown 
by the writer in earlier papers (presented December, 1920, 
and February, 1921), leads to only five distinct methods, 
among which the choice of the method of equal proportions 
appears to be clearly indicated. (See AMERICAN STATISTICAL 
QuARTERLY, Sept. 1921.) The summation plan, on the 
other hand, which was used by Professor Owens in his papers 
at the February and April meetings, is here shown to be 
unsatisfactory, since it leads to so many different methods 
that it would be difficult to make a convincing choice between 
them. It may be noted that the only methods which 
appear under both plans are the method of equal proportions 
and the Willcox-Owens method of major fractions. The 
paper concludes with a rank-list of all the seventy-two known 
methods arranged in the order in which they favor the 
larger states. In this list, the method of equal proportions 
occupies, in a genuine sense, the middle position. 


8. Professor I. J. Schwatt: The summation® of series by 
means of generating functions. 


This paper gives a method for finding the sums of certain 
series, such as 


k=0 k=0 
which the author was unable to obtain by any other method. 


9. Professor I. J. Schwatt: The expansion of any power of a 
multinomial. 

The author obtains a series expansion, 2y-o(z"/n!)P,, for 
any power of a polynomial, y = (24_oam2”)?, where p is any 
real number. The coefficients P, are numbers easily obtained 
from an expression for the nth derivative of y. The special 
case of p a positive integer is also considered. 


10. Professor I. J. Schwatt: The operator [r(d/dr)] on F(r). 
It is shown that for any analytic function F(r) 


n=1 


Several applications are given. 
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11. Miss Eugenie C. Hausle (introduced by Professor 
Edward Kasner): Geometric characterization of special singly 
infinite families of heat curves. 

The author has considered the geometric characterization 
of the singly infinite families of curves derived from certain 
limitations on the Fourier equation of heat. It is known 
that a system of curves ¢(zx, y, t) = T, where t denotes the 
time and T the temperature, obeys the Fourier equation. 
If the heat is required to be in equilibrium, 0¢/dt = 0. Let 
this be Case I, the isothermal case. Case II is obtained by 
putting 0¢/dt = 1 and Case III by putting d¢/dt = ¢. 

Consider Case I. The equation of the given family of 
curves y(z, y) = c and Laplace’s equation must be satisfied 
simultaneously. Then f = dy/dz satisfies Laplace’s equation. 
If y and y denote the curvatures of the given curves and 
their orthogonal trajectories, the preceding result gives 
(1) vs + Ys = 0 as the geometric property, where y, = dr/ds. 

In Case IJ, two relations are obtained, each of the fourth 
order. In Case III, two relations are obtained, one of which 
is identical with one of those in Case II. These relations 
completely characterize all «1 systems of heat curves. 


12. Professor J. L. Synge: On the stability of a bicycle with 
a light frame. 

The bicycle under discussion consists of two similar wheels 
—-solids of revolution with equatorial planes of symmetry— 
and two weightless frame pieces. The stability is discussed in 
the case in which the system has uniform rectilinear motion, 
the wheels rolling on a rough horizontal plane. Use is made 
of Routh’s conditions that no zero of ‘a polynomial should 
have its real part positive. The conditions for stability differ 
with the detail of the specification, and five results are given. 
Of these, two are of especial interest, viz. (1) that for certain 
specifications the motion is stable for speeds up to, but not 
exceeding, a certain limit; (2) that when the common axis of 
the frame pieces is vertical in steady motion, there is in- 
stability at all speeds. Definite examples are given. 


13. Professor C. A. Fischer: Note on the definition of a linear 
functional. 

A linear functional has usually been defined as one which is 
distributive and continuous, but a continuous functional has 
been defined in at least two ways which are not equivalent. 
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F. Riesz, Fréchet and others have defined a continuous func- 
tional as one which satisfies the equation 


Lim L(u,(x)) = L(u(z)), 


when the sequence of u,’s approaches u(x) uniformly. More 
recently Lévy and W. L. Hart have required only that it 
converge to u(x) in the mean. F. Riesz has proved that if L 
is distributive and the above equation is satisfied for uniformly 
convergent sequences, the functional is equivalent to a Stieltjes 
integral, such as f,’u(x)da(z). 

In the present note it is proved that if the same equation 
is satisfied when the u,’s are required only to converge in the 
mean, the functional is equivalent to a Lebesgue integral such 
as f,’u(x)B(x)dz. 


14. Professor J. R. Kline: Certain theorems concerning simple 
closed and open curves. 

In order that a closed connected set M should be a simple 
closed curve, the author shows that it is necessary and suffi- 
cient that M remain connected upon the removal of any proper 
connected subset. Thus there is no unbounded closed con- 
nected set M which is such that M — g is connected for every 
proper connected subset g of M. However, if M is an un- 
bounded closed connected set that remains connected upon 
the removal of any unbounded proper connected subset, then 
M wust be either an open curve, a ray of an open curve, or the 
point set composed of a simple closed curve J and a ray of an 
open curve starting from P such that the ray has P and only 
P in common with J. 


15. Professor J. R. Kline: A theorem concerning connected 
sets which become totally disconnected upon the removal of a 
single point. 

An example was recently given in the FUNDAMENTA MaTHE- 
MATIC of a connected point set M which contains a point P 
such that M — P is totally disconnected, i.e. M — P contains 
no connected subset consisting of more than a single point. 
Professor Kline shows that no connected set M can have more 
than one point P such that M — P is totally disconnected. 
Indeed, if a connected set M has one point P such that M — P 
is totally disconnected, then, if Q is any point of M different 
from P, M — Q is connected. 
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16. Professor R. L. Moore: Concerning connectedness im 
kleinen and a related property. 


Sierpinski has recently* shown that in order that a closed 
connected point set M should be a continuous curve it is 
necessary and sufficient that, for every positive number e, 
M should be the sum of a finite number of closed, connected 
point sets each of diameter less than e. 

A point set will be said to have property S if, for every 
positive number e, it is the sum of a finite number of connected 
point sets, each of diameter Jess than ¢. Professor Moore 
shows that, as applied to bounded connected point sets, 
condition S is stronger than that of connectedness im kleinent 
but weaker than that of uniform connectedness im kleinen. 
He shows also that in order that a simply connected bounded 
domain should have a continuous curve for its boundary, it 
is necessary and sufficient that it should have property S. 

Finally, it is also shown that if a bounded point set M is 
uniformly connected im kleinen, then the point set composed 
of M plus its boundary is connected im kleinen. 


17. Professor E. L. Dodd: The probability function for the 
sum of certain functions, with applications to the theory of errors. 

This paper extends a theorem of von Mises,t who, by the 
use of the Stieltjes integral, treats together continuous and 
discontinuous probability. The theorem for the sum of 
variables is extended to the sum of functions, each limited in 
a finite interval, and having a limited number of oscillations 
therein, and with moments absolutely convergent. 

The general mean of n measurements m, is defined as 
+ where the are positive constants, the f;, 
are continuous increasing functions, and g is the inverse of 
+ Tex. If each = f, and 0 < Sc, = d, and the 
errors are small in comparison with the measurements, the 
precision of this mean increases as the square root of n; but 
a constant error will appear that is sometimes negligible. 


18. Dr. T. H. Gronwall: On power series with positive real 
part in the unit circle. 


Carathéodory has given the necessary and sufficient condi- 
tions on the n constants aj, a2, ---, @, in order that there shall 


* FUNDAMENTA MATHEMATIC, vol. 1 (1920), pp. 44-60. 

¢ Cf. H. Hahn. 

Fundamentalsdtze der Wahrscheinlichkeitsrechnung, MATHEMATISCHE 
ZEITSCHRIFT, vol. 4, pp. 24, 54, 61, 80, 81. 
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exist a ¢(z), holomorphic and of positive real part for |z| < 1, 
the expansion of which begins with 


Using the methods of Minkowski’s geometry of convex solids, 
he expresses the a’s in parametric form, and through the 
algebra of Hermitian forms, Toeplitz and Fischer have trans- 
formed these conditions into algebraic inequalities involving 
1, G2, --+, @, and their conjugates. In the present paper the 
results of these authors are proved by the most elementary 
function theoretic means, consisting mainly in the combi- 
nation of complete induction with Schwarz’s lemma. 


19. Professor J. W. Alexander: Some theorems on transforma- 
lions with invariant points. 

This paper gives a new proof of an extended form of 
Brouwer’s theorem on the transformation of an n-sphere into 
itself, and a number of applications of the generalized theorem. 


20. Professor J. W. Alexander: Theorem on the interior of a 
simply connected closed surface in three-space. 

In this paper it is proved that if S be a simply connected 
closed surface in three-space the interior and boundary of S 
may be mapped uniformly on the interior and boundary of a 
sphere. The proof can be generalized to n dimensions. 


21. Dr. H. M. Morse: A fundamental class of geodesics on 
closed surfaces of genus greater than unity. 


Dr. Morse in this paper considers geodesics, termed geo- 
desies of class A, every segment of which, however extended, 
is at least as short as any other curve joining the end points 
of the given segment. The fundamental theorem of this 
paper is that corresponding to any semicircle lying in the upper 
half plane and with end points on the axis of reals, there exists 
on the given surface a geodesic of class A possessing an image 
on the half plane which if extended indefinitely in either 
sense approaches respectively the two end points of the semi- 
circle, and such that the semicircle and image of the geodesic 
can be traced out simultaneously by two moving points, 
capable of being joined by a continuously moving curve whose 
image on the given surface remains less in length than some 
fixed constant. Conversely, corresponding to every geodesic 
of class A there is associated in the above manner some semi- 
circle with end points on the axis of reals. 


— 
— 


1922.] | TWENTY-EIGHTH SUMMER MEETING 11 


22. Professor A. G. Webster: On the problem of steering an 
automobile around a corner. 


In order to avoid skidding, there must be an upper limit to 
the centrifugal force. If we seek to make the mean square of 
this a minimum, we find that the curve should be the elastica. 
The kinematics of steering is examined, as are the results of the 
hypothesis that in driving at constant speed the wheel is put 
over at constant velocity. The intrinsic equation of the curve 
is found, and in practical cases it, like the elastica, differs 
little from the Cornu spiral used in optics. In practice all 
these curves (that is for the first half, which is symmetrically 
repeated) may be well represented by a cubical parabola. 
Drawings are given, and safe speeds are stated. 


23. Professor A. G. Webster: On the principles of mechanical 
integrators for differential equations, especially those of exterior 
ballistics. 

The usual forms of integrator involve the revolving plate 
and wheel at various distances from the center, or the steered 
wheel which rolls in the direction of the integrated curve. 
To this the writer proposes to add a third device, like an 
automobile with the front wheels at right angles to the wheel- 
base, the length of which varies. Such a device enables one 
to draw involutes. In the proposed machine, two integrators 
are combined, one of which rides on top of the other. One 
describes the hodograph, the other the evolute of the trajec- 
tory and the trajectory itself. Templets or cams insert once 
for all the law of resistance of the air and the law of density- 
change with altitude. The trajectory is drawn at one opera- 
tion, although the equations are of the second order. 


24. Professor C. N. Moore: On the Fourier’s series of non- 
integrable functions. 

An integral over a finite range which fails to converge on 
account of the nature of the infinite discontinuities of the 
integrand may be summable by methods analogous to those 
used for divergent series and divergent integrals over an infinite 
range. In this way Fourier’s series may be obtained which 
correspond to functions that are non-integrable in the ordinary 
sense. The principal result of this paper is the theorem that 
if the integral of a function is summable (Cr) for any r > 0, 
the corresponding Fourier’s series will be summable (C1) to 
the value limpo [{f(a + h) + f(x — h)}] at every point 
for which this limit exists. 
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25. Professor C. F. Gummer: A generalization of Laguerre’s 


rule of signs. 
It was shown by Laguerre that, if ¢:, ¢, ---, Cn, are any 
real numbers and if pj, po, ---, Pn are a descending sequence 


of rational numbers, the sum of the multiplicities of those roots 
of the equation 2,c;x?: = 0 that exceed unity is not greater 
than the number of variations of sign in the following sequence: 
C1, + C2, Cr + Co + €3,°°*, Cr+ + en. In this papera 
proof is given that allows the p’s to be irrational. The 
theorem is applied to some special types of equation. 


26. Professor R. E. Gilman: The functions analogous to 
Lebesgue constants for a series of Hermite polynomials. 

To each member of the class of functions absolutely in- 
tegrable in the interval — © to + © and such that 
|f(x)| = 1 there corresponds a formal expansion in Hermite 
polynomials, which may or may not be convergent. If the 
sum of the first m terms of this expansion be denoted by 
s(x, n), there is a function of the given class which, for a fixed 
n and for a fixed x = 2 on the given interval, makes s(2o, n) 
a maximum. The author determines the order of magnitude 
with respect to n of pn, where p, is the maximum of s(zo, n)- 


27. Professor O. E. Glenn: Theory of invariant elements. 


Many theories tend toward the unity exemplified in general 
analysis. The theory of invariant elements, which is the 
foundation of the methods of the present paper, has furnished 
the fundamental viewpoint in papers by the writer on algebraic, 
modular, differential, and special algebraic invariant theories, 
particularly for binary quantics. The theory here developed 
is a synthesis based upon these with extension to n variables 
under a form as thoroughly definitive as seems feasible. 


28. Dr. J. L. Walsh: On the location of the roots of the jacobian 
of two binary forms. 

This paper presents the following result: Let g(z) denote a 
polynomial whose roots of respective multiplicities m,, mo, 
lie at the collinear points a2, and let 
ay’, ae’, -++, @n’ denote the roots, whose multiplicities are 
my’, Ms’, --+, Mp’, of the derivative g’(z). Suppose the loci 
of m; roots of a polynomial f(z) to be the interior and boundary 
of a circle C; whose center is a; and radius r (i = 1, 2, ---, n), 
and that f(z) has no other roots. Then the loci of the roots 
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of f’(z) are the interiors and boundaries of circles C;’ of centers 
ay’, ae’, an’ and common radius r. A circle C;’ exterior 
to all other circles C;’ contains m;,’ roots of f’(z). 

This result can be extended to a number of circles C; that 
have a common external center of similitude, to the derivatives 
of f(z) of all orders, and to the jacobian of two binary forms. 


29. Professor J. E. Rowe: The power of a modern gun and 
of thunder. 


The first part of the paper is devoted to the comparison of 
the power at which a large gun works during the time of actual 
performance, and the power of a man. The second part is 
devoted to the explanation of a method by which the magni- 
tude of the air disturbance in thunder may be calculated. 


30. Professor J. R. Musselman: Spurious correlation applied 
to urn schemata. 


In games of pure chance such as balls drawn from an urn, 
or coin-tossing, or dice-throwing some scheme must always 
be introduced to obtain correlation between the two sets of 
drawings, and hence the correlation arising is “spurious” 
correlation. The author applies the idea of spurious correla- 
tion to various urn schemata and obtains some interesting 
theorems. This method gives a simple proof for that urn 
schema of Rietz which has ¢/s for its correlation coefficient. 


31. Professor W. L. Crum: The significance of the partial 
correlation coefficient in the comparison of ordered statistical 
series possessing rectilinear trends. 


It is well known that, if two ordered statistical series, for 
instance two historical economic series, are subject to recti- 
linear trends, their correlation coefficient is influenced by 
that fact. In order to determine the degree of correlation 
which is independent of the normal trends, it is customary to 
correct the original items by subtracting the corresponding 
ordinates of their respective lines of trend. This paper shows 
that, when there is no lag in the correlation, the coefficient 
of correlation between the residuals obtained by the above 
process of correction is precisely the partial correlation coeffi- 
cient between the two given series. In case there is lag, it is 
shown that the partial correlation coefficient must be altered 
by the introduction of a multiplier which is the correlation 
between the two time series, one of which is displaced relative 
to the other by an amount equal to the lag. 
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32. Professor W. L. Crum: A tentative substitute for the 
standard deviation in the examination of the dispersion of an 
ordered statistical series. 


A statistical series may be assigned to one of two broad 
classes according as it consists merely of a list of numbers of 
independent arrangement, or has its items ordered relative to 
a particular variable. Typical of the first class are the series 
composed of experimental measurements, and the chief illus- 
trations of the second class are to be found in the historical 
series in the field of economic statistics. The paper points 
out that the standard deviation fails to give full information 
about the dispersion of series of the second class, and, in 
particular, takes no account of a phase of the dispersion which 
may be called the rate of fluctuation. With a view to bringing 
out certain facts about this rate, a study is made of the coeffi- 
cient of correlation between the items of the given series and 
the values of the variable relative to which these items are 
ordered, and it is shown that this coefficient is not an adequate 
measure of the rate. Finally the square root of the mean 
squared second order difference is set up tentatively as a 
general measure of the fluctuation-rate for ordered statistical 
series. 


33. Professor B. H. Camp: The value of a sample. Second 


paper. 

The fundamental theorem of the paper is this: Let f(x) be 
any frequency distribution whatever, and let y be equal to the 
mean of k z’s drawn, with replacements, from f(r). The rth 
moment of the distribution of the y’s approaches as a limit the 
value of the rth moment of the Gaussian curve as k becomes 
infinite. 

The more important applications of this theorem center 
round a method of approximating the difference between 
the rth moment and its limit in special cases. This enables 
one to use advantageously a generalization of Tcheby- 
cheff’s criterion, discovered first by Pearson, for finding the 
probability that a random mean will differ from its ideal value 
by as much as a prescribed amount. 

Taken in conjunction with another theorem announced in 
the author’s earlier paper, it furnishes a method of obtaining 
high moments of a point binomial. These are valuable in 
the theory of simple sampling, but the labor of computing 
them has been prohibitive. 
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34. Dr. Norbert Wiener: A form of series for potential 
problems. 
This paper develops a generalization of the notion of sets of 


normal and orthogonal functions by substituting the rule of 
combination 


f@,y,2)|9@, 2) = ff fafdgdr + f [fgdo, 


where V is a region of three-space and S its boundary, for 
the rule of combination ,f° u(x)v(x)dz used in the definition 
of ordinary orthogonality. Application of these generalized 
normalized sets is made to the solution of Dirichlet’s problem 
and similar problems concerning Poisson’s equation. 


35. Dr. S. D. Zeldin: Some hydrodynamic aspects of group 
theory. 

It is known that the steady motion of a fluid can be repre- 
sented by a one-parameter continuous group in three vari- 
ables. By finding the functions f which admit the infinitesimal 
transformation 


of 

az” 

che lines of flow can be determined. This paper deals with the 
invariant configurations which arise by finding the points sat- 
isfying equations u = 0,» =0,w= 9%. The groups particularly 
considered are of projective and linearoid types. 


36. Professor M. B. Porter:' Two-way series for Lebesgue 
integrals. 

The author proposes to define, ab initio, the integral of any 
positive summable function in n variables by a two-way series. 
Most of the essential theorems of Lebesgue’s theory then 
follow from the density theorem, which is an immediate 
corollary of Vitali’s covering theorem. In case the integrand 
is not of one sign, the form of the series is altered. This 
leads to the definition of integrals for non-summable functions, 
among others Harnack integrals and Cauchy principal-value 
integrals. 

This paper will appear in a later number of this BULLETIN. 

R. G. D. Ricnarpson, 
Secretary. 


A 
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A LETTER FROM THE PRESIDENT 
To the Members of the American Mathematical Society: 


In the autumn of 1920 a committee under the leadership of 
Professor E. R. Hedrick inaugurated a campaign to increase 
the membership of the Society and to secure new subscriptions 
to our journals. The effort was successful, but we have been 
surprised to find that over sixty per cent of the mathematicians 
in our colleges and universities are still not members. 

The campaign was undertaken on account of the greatly 
increased costs of administration, and especially of printing, 
which have followed the great war. By securing special 
funds which will not be available in future years the sizes 
of the Bulletin and Transactions have been kept nearly normal 
during 1921, but the Society is facing the possibility of serious 
reductions in 1922 if our resources can not be increased. 

For this reason the Council of the Society has authorized 
the continuation of the campaign for memberships and sub- 
scriptions during the years 1921 and 1922. Many of the 
members of the Society have taken effective interest in the 
campaign, and their assistance has been greatly appreciated 
by the membership committee and the officers of the Society. 
It is possible that others also could help materially if they 
understood the importance of such assistance during this 
critical period in the development of our American mathe- 
matical school. 

I am taking this occasion, therefore, to remind our members 
of the needs of the Society at the present time, and to urge 
them to seek opportunities to increase the sizes of our member- 
ship and subscription lists. This can be done, for example, 
by making sure that colleagues who are not members have 
reasonably considered the desirability of membership in the 
Society, by subscribing to the Transactions, or by securing 
subscriptions to the Bulletin and Transactions from your 
college and city libraries.* Gupert A. Buss, 

President of the American Mathematical Society. 


*See the announcement of special rates for back numbers of our jour- 
nals on p. iii near the back cover of this number. 
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REPORT ON 
TOPICS IN THE THEORY OF DIVERGENT SERIES* 


BY W. A. HURWITZ 


1. Introduction. It is with some reluctance that I have 
acceded to the request of the programme committee to 
address the Society on the present status of problems concern- 
ing divergent series, since three admirable expository treat- 
ments of this field have already been given to the Society and 
published in the Butietin, by W. B. Ford,¢ R. D. Car- 
michael,{ and C. N. Moore.§ In particular Professor 
Carmichael has so closely followed the trend which my own 
thoughts have taken (except that I should not have presented 
them so elegantly) as to make it difficult for me to give an 
adequate account without a good deal of repetition. At any 
rate I shall take advantage of his paper in order to plunge 
in medias res today, and also to omit references to original 
sources unless these seem especially desirable. 


If we have the symbol 

(1) = 

we define 

(2) In =m tn, 

so that 

- (3) = 2; Un = n> 1. 
In case 
lim 2, 


exists, we say that the series Du, or the sequence (z,) is 
convergent, the limit of the sequence being the value or sum 
of the series. The importane of this concception lies in the 
fact that many formal transformations carried out on infinite 
series as if they are finite sums can be proved correct. In- 
stances arose early in the study of series, however, in which 

*Presented before the Society at the Symposium held in New York 
City, April 23, 1921. 

This Bu.ietwn, vol. 25 (1918-19), p. 1. 


i Thi vol. 25 (1918-19), p. 97. 
Tbid., vol. 25 (1918-19), p. 258. 
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such transformations, though assuredly not correct on the 
basis of existing theory, nevertheless led in special cases to 
correct results.* The attempt to justify such results led 
naturally to generalizations of the notion of the value of a 
series. 

I shall denote methods of definition of value by capital 
letters A, B, ---; I shall express the fact that a series or se- 
quence can be evaluated by a method A by saying that it 
is summable A; and the resulting value I shall denote by 
AL (zn). 


2. Linearity and Regularity. One of the important prop- 
erties of definitions is that of linearity. A definition A is 
said to be linear if 

AL(2n + Za’) + 
whenever AL(z,) and AL(z,’) exist, and 
AL(cxtn) = cAL(2n) 
whenever AL(z,) exists. 

I have stated this property first of all, because it is the only 
one which is satisfied, so far as I know, by every definition 
which has ever been proposed as practically useful. Of even 
wider importance of course, although not satisfied by every 
useful definition, is the following. A definition A is said to 
be regular in case it evaluates every convergent sequence, 
giving it the value to which it converges; that is, in case 


lm 2z,=l1 


implies AL(z,) = lL. 

Nearly every definition that has been proposed can be 
thrown into the following form: 

Let a point set 7 be given in space of any number of dimen- 
sions, real or complex, having a limit point tp (actual or sym- 
bolict) not belonging to 7’, and let the functions a;(¢) [k = 1, 
2, ---] be defined in 7; then if the sequence (z,) is such that 


(G) yf) =>) ar(tax 


k=1 


*It is only necessary to allude to the interesting history of the series 
1-1+1-1+---. 
t Le., having one or more of its coordinates infinite. 
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converges for each ¢ in T and if 
lim y(t) = 1, 
t+ te 7) 


the sequence (x,) is said to be summable G, and GL(z,) = I. 
This definition could of course be expressed in terms of un 
instead of xn. 

An important special case is that in which T consists of the 
positive real integers and in which a;(¢), which may then be 
written dx, is zerofor k > n. In this case the requirement 
of convergence of G is met automatically, and we may say: 

The sequence (z,) is summable G’, and G’L(z,) = | provided 


lim y,=1, 


where 
n 


(G’) Yn = ke 


=1 

An especial convenience in dealing with this case is that the 
transformation G’ may be treated by the usual algebraic 
machinery of linear transformations, since the first n y’s 
depend only on the first n z’s. We may speak of sums, 
numerical multiples, products, and powers of G’. The defini- 
tion of ordinary convergence is one such case; it is given by 
the transformation 
(1) Yn = 

Any transformation of the form G’ will have an inverse 
‘ provided ann + O for every n. 

For both G and G’ it is obvious that the condition of linearity 
is satisfied. Sufficient conditions for the regularity of G were 
given by Silverman;* they were proved to be also necessary 
(even in a slightly more general case) by Toeplitz:t 

For the definition G’ to be regular it is necessary and sufficient 
that 


for each k, lim ani = 0; 
(G’2) for all n, > |anz| 2s bounded; 


*Ph.D. thesis, Missouri, 1910; University or Missourr Srupizs, 
Martuematics SERIES, vol. 1, no. 1 (1913). 
{ PRACE MATEMATYCZNO-FIZYCZNE, vol. 22 (1911), p. 113. 
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(G’3) lim > a, = 1. 


k=l 
The corresponding theorem for the more general definition 
G is due to Carmichael* and Hildebrandt;{ it has recently 
been restated by J. Schur:t 
For the definition G to be regular it is necessary and sufficient 
that 


(G1) foreachk, lim  a,(t) = 0; 
t tT) 


(G2) for eachtinT, |ax(t)| converges, 
k=1 


and for all t in T, >> |ax(t)| is bounded; 


k=1 


t—-t{(7) k=l 


It should be noted that if we restrict all quantities appear- 
ing in these theorems to be real, the theorems remain true, 
not only as regards sufficiency, but also as regards necessity. 


3. Definitions of Summability. I shall now give examples 
of definitions, illustrating each by application to the series 
(4) 2+ -->. 


For this series u, = x”; hence 
(5) z+ 1. 


As the definitions are all to satisfy the requirement of linearity, 
we can prove that AL(z,) = 1/(1— 2) by showing that 
AL(z") = 0. We shall therefore consider instead of (5) 
(6) = 
The usual definition of limit gives the desired result when and 
only when |z| <1. Hélder employed the transformation 
(M) = 

* Loc. cit., p. 118. 

t Abstract, this Buttetin, vol. 24 (1917-18), p. 429. Compare also 


the statement made by Carmichael in the preceding reference. 
JournaL Fir Matsematik, vol. 151 (1920), p. 82. 
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Here, in the notation of G’, an, = 1/n. This definition is 
obviously regular. It constitutes the first Hélder mean. The 
further Hélder means are conveniently described as algebraic 
powers of M: M?, M?,.---. 
In order to apply M to (6), we have x, = 2", and for z + 1, 
xX1—2%) 
n ~ n(l — 2) 
x 
~ nl—2z) 1l—-an 
The first term approaches zero as n becomes infinite, and 
|x| =1, 
|z| > 1; 
hence (4) is summable M to the value 1/(1 — z) for |z| = 1, 
x + 1, and is not summable M for |z| >1. I shall defer 
until later the consideration of the behavior for z = 1.* 
Hence M evaluates (4) to the value which would be ex- 
pected, not only at points inside the circle of convergence, 
but also at all points on the circle other than x = 1; and at 
no points outside the circle. It can readily be shown that 
for any value of r, M’ accomplishes no more for the series (4). 
Cesaro gave the formulas: 


C,=M; 
Cs) _ nay + (n— + 
n(n + 1)/2 


a” 


n 


lim 


C _ (ante — 2) 
( Yn = n(n + 1) (n+r—1)/r 


For every positive integer r, C, is regular. 
Extensions of Cesdro’s method were given by Knopp and 
Chapman. Chapman’s formula is 
= (n— 1) (n+ 7r—k) 
which reduces to Cesaro’s form when r is a positive integer, 
*See § 6. 
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but has a meaning when r is fractional, irrational or even 
complex, provided r is not a negative integer or zero. Ina 
limiting sense, it may be said to have a meaning even for 
r=0:C)y=TI. Applying C2, for illustration, to (6), we have 
2, = 2", for xz + 1, 

_ (n— 1+ 


n(n + 1)/2 
_ nz — (n+ 1)2?+ ar 


_ Qna? (2 
nti (=) 

Hence as before C,L(2*) = 0 for |z| $1, 2 +1; C2L(2*) 
does not exist if |x| > 1. The same result can be obtained for 
C,, in the same fashion if r is a positive integer, and by other 
considerations in any case when R(r) > 0. 

It is seen that no definition of Hélder or Cesaro serves to 
evaluate (4) outside its region of convergence. A convenient 
form of definition is given by the exponential mean:* 


(n — 1)! (r — 1)"-* 
2 Go bled! po 
The successive coefficients are the terms of the binomial 
expansion of [(1 — 1/r) + 1/r]"". The definition is regular 
if and only ifrisrealand=1. It is readily seen that E, = I. 
The name “exponential mean” is suggested because of the 
interesting algebraic property E,E, = Eys. 
Applying E, to (6), we have 
_e (n — 1)! , 


Thus y, will approach zero if and only if 


<4, 


* This formula was given, in slightly different notation, by Hausdorff, 
MATHEMATISCHE ZEITSCHRIFT, vol. 9 (1921), p.'86; his work was unknown 
to me during the preparation of this paper for presentation. 
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that is, 
jr—(1—1)| <r. 

The region of evaluation is therefore the interior of a circle 
through x = 1, having its center at r= 1—r. For any 
r > 1, this region includes points outside the circle of con- 
vergence. For large enough r any point z will be obtained 
which satisfies the condition R(x) < 1. 

A variety of definitions were given by M. Riesz. Let (An) 
be any sequence of positive numbers increasing and becoming 
infinite. For one form of the Riesz mean of type (A) and 
order r, we write (in terms of w, rather than zn) 


(Ry, 


For the case A, = n, r = 1, this has the form 


(1-5) + (1-2) + (1- 4) 


Yn 


and is essentially the same as M. For any (An), Ry, o = I. 
For all cases in which r 2 0, R,, - is regular. 

As regards the application of R,, ; to (6), it is clear that for 
An = n, Ry, 1 gives a value at points inside and on the boun- 
dary of the circle of convergence, but nowhere outside. It 
can be proved that with any choice of (A,) and r, evaluation 
of (4) outside the circle of convergence is impossible. 

The definitions thus far considered have all been of type G’. 
We consider next some which are of the more general type G. 
A definition given by Euler can readily be put in this form. 
Euler argued that as the series 1 -1+1-—1+--- is the 
special case, for t= 1, of the series 1—t+f—#+---, 
which for ¢ < 1 has the value 1/(1 + @), therefore the former 
series should have the value 3. This amounts to writing, 
in the case of a given series u; + 2 + u3 + ---, 


= m+ wt+ ul + ---, 
and defining the value as lim,.., y(é). This definition may be 
called Euler’s power series method. Thrown into a form 


= 
= 
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involving z, instead of up, it will read 
(P) yn = (1 ) Dy et 


so that in the notation of G, a,(¢) = (1 — )t*". We must of 
course require that the series 

k=1 k=1 
converge for |t| < 1. 

We may choose to let ¢ approach 1 along real values or 
along some other point set T in the circle |t| < 1, having 1 
as a limit point. In the first case, the fact that P is regular 
is stated by a well known theorem due to Abel: If Zajt* 
converges, — 1 < x = 1, then it is continuous even at t = 1. 

Abel’s theorem was extended by Stolz and Pringsheim to the 
case of other point sets T. The conditions shown by them 
to be sufficient are easily shown by the theorem of Carmichael 
and Hildebrandt to be also necessary: P is regular if T lies 
within the angle formed by some pair of chords through ¢ = 1. 

P evaluates (4) only at points other than x = 1, within and 
on the boundary of the circle of convergence. It is further- 
more obvious that P can never evaluate any power series at 
a point outside its circle of convergence, and that it is therefore 
of little value for the problem of analytic extension. 

Several elegant methods of evaluation were given by Borel. 
I shall state some of them in a more general form due to 
Sannia.* In terms of a given sequence (z,), write 


= 


and suppose that this power series converges for all points 
of the plane. Call 
£%) = £0), 


d 
— — £0) (4) = )(z)dr, 
= FEM, EME f EM (r)dr 


* RENDICONTI DI PALERMO, vol. 42 (1917), p. 303. 
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Define 
(B,) y(t) = 


then lim,_...y(é) is to be the generalized limit of (z,). The 
cases commonly discussed are B,, known as the Borel mean 
definition, and Bo, known as the Borel integral definition. 

In the usual form of treatment T is taken as the positive 
real axis, and it is shown that B, is always regular. It seems 
not to have been noted that we may allow T to be a more 
general point set of the complex plane possessing points of 
arbitrarily great positive abscissas, and take the limit as 
R(t) becomes infinite. It can readily be proved that for the 
Borel-Sannia definition B, to be regular it is necessary and 
sufficient that all points of T of sufficiently great positive 
abscissas lie within some parabola having its axis along the 
real axis and opening to the right; that is, if t = 7 + 1, o?/r 
shall be bounded. 

Let us apply these results to (6). We have 


E(t) = EM (t) = E(t) = aFe*t, 
1 1 
(Dif) = prt — 
EOS) = e** — 1, t, 
Hence 


By: y(t) = Bo: y(t) = — 
1 1 


Taking for 7 the positive real axis, we see that B, evaluates 
(6) to zero for R(x) < 1, and for no other values. By appro- 
priate choice of other sets for 7, we can secure the evaluation 
for any point of the line R(x) = 1 except x = 1. 

Borel also gave a definition which he termed “absolute 
summability.”’ It is not regular; it does, however, correctly 
evaluate all absolutely convergent series. Absolute summa- 
bility has been considered important since it permitted various 
operations on series which were not justified by mere summa- 
bility B, or Bo; but with Sannia’s form of the Borel definitions, 
absolute summability becomes relatively unimportant. 


= 
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An extremely powerful definition is due to Le Roy. Write 


2 
taking for T the real axis near t= 1; and t= 1. This 
definition can be shown to be regular. It evaluates (4) for all 
points of the complex plane except z real, = 1. 
The Riesz means have been extended by Hardy and Riesz 
so as to bring them under the form G. Taking the sequence 
(X,) restricted as before, write 


(Ry, y(t) = (t — 


and let T be the set of positive real numbers, f= ©. Ry, 
in this form is still regular for allr = 0. It does not evaluate 
(4) in any more extended region than did the form for R,, - 
previously given. 


4. Relative Inclusiveness of Definitions; Equivalence. A 
definition, A, is said to include another, B, in case every 
sequence summable B is summable A to the same value. Two 
definitions are said to be equivalent if each includes the other; 
in this case each evaluates exactly the same sequences. 

If the definitions A, B, whether regular or not, are of type G’, 
A includes B provided there exists a regular C such that A = CB. 
In case B possesses an inverse, this condition may be written in 
the form: AB™ is regular; it is in this case necessary and 
sufficient.* 

If A, B, whether regular or not, are of type. G’, they are equiva- 
lent provided there exist C, D, both regular, such that A = CB, 
B= DA. In case A, B possess inverses, this condition may 
be written in the form: AB and BA™ are regular; it is in this 
case necessary and sufficient.t 

Certain cases fall under the criteria just given without any 
further investigation. For instance, since the Hélder means 
satisfy the condition M’M* = M***, and since M’ is always 
regular, it is clear that the Hélder mean definition of any order 


* The second form of the condition is stated by Carmichael, loc. cit., p. 
112; it has usually been applied in thisform. There are cases, however, 
in which the first form is useful. 
¢ Second form stated by Carmichael, loc. cit., p. 113. 


1922. ] _ REPORT ON DIVERGENT SERIES 27 


includes that of any lower order. In a similar way the expo- 
nential mean E, becomes more inclusive as r increases, since 
E,E, = E,, and E, is regular when r > 1. 

Other instances require more investigation, but every case 
I have examined in which definitions of type G’ are concerned 
depends on the criterion I have stated. The Cesaro-Chapman 
mean C, includes C, if R(r) > R(s) > — 1. In particular, 
for — 1 < R(r) < 0, C, is included in J; thus every series 
summable C,, — 1 < R(r) < 0, is convergent; and not all 
convergent series are summable C, for a fixed r, —1<R(r)<0. 

A question which has formed the starting point for a number 
of investigations on divergent series is the relationship of M* 
and C, for positive integral values of r. Knopp proved that 
for any such r, C, includes M’; Schnee and Ford showed that 
M’ and C, are actually equivalent; a number of other proofs 
have been given. To cite an example of the opposite kind, 
M’ and E, are distinctly overlapping definitions; neither in- 
cludes the other, except in the trivial case M° = E, = I. 

It is important to point out that the method of proof of 
relative inclusiveness given above can be applied at times even 
to the comparison of definitions of different types. For in- 
stance, E, is of type G’, a sequence-to-sequence transformation, 
while B, is of type G, a sequence-to-function transforma- 
tion. But it is easily proved that B,E,;" = B,Ey, = EB, 
where E is a function-to-function transformation: 


(E) y(t) = 2(rt). 


Thus B, will include E, provided EB, is regular; and this will 
surely be true provided E is regular, where the latter statement 
must be understood to mean that the existence of lim,_...2(t) 
is to imply the existence and equality of lim,..,y(¢). But the 
regularity of E in the sense explained is obvious; thus B; 
includes E, for every r > 0. 

Into similar form may be thrown Sannia’s proof that B, 
includes B, whenever r < s, and the familiar proof that 
C,(r > 0) is included in P. On the other hand, of M’ and B,; 
neither includes the other; the same statement holds for Bi 
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and P. Note that no definition which evaluates a power 
series at a point outside its circle of convergence can include P. 

The results for the Riesz means are interesting. As in the 
case of the Cesaro means, R,,, includes R,,, if r>s. We 
may even compare means derived from different sequences 
(An); thus, if = log Xs, then R, includes R,,. If 
An = n, Ry, - is equivalent to C, for every r. Incase \, = e*, 
R,, - is always equivalent to I. 


5. Mutual Consistency. It has been seen that two defini- 
tions may be regular and yet such that neither includes the 
other. In such cases it is manifestly of the highest impor- 
tance to know that the two definitions will not give different 
values to any sequence which each one evaluates. The 
circumstance in question is illustrated by an example due to 
Silverman.* The definitions (of type G’): 


12 (- 
wr” [1+ log k 
are both regular; but the sequence 2, = (— 1)" log nis evalu- 
ated by the first to 0 and by the second to 1. 

We call two definitions mutually consistentt if, whenever 
each of them evaluates a sequence, the two values are the 
same. A condition for mutual consistency can be stated as 
follows: 

Any two definitions are mutually consistent if there exists a 
definition which includes each of them. 

Obvious as this criterion seems, it is nevertheless of real 
value. An important special case is: Two definitions A, B of 
type G’ are mutually consistent if there exist C, D, both regular, 
such that CA = DB. In fact, the definition expressed by 
either of the two equal forms CA, DB includes both A and B. 

Still further specialization occurs in case it happens that 
we can choose C = B, D= A. Any two regular definitions of 
type G’ are mutually consistent if they are permutable. 

* Loc. cit., p. 38. 

¢ Ina paper by Silverman and myself (TRANSACTIONS OF THIS SOCIETY, 


vol. 18 (1917), p. 1), the word “consistent”? was used for this idea. The 
term in the text, suggested by Carmichael, loc. cit., p. 111, seems preferable. 
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It can be shown* that all transformations of type G’ per- 
mutable with M are permutable with each other; hence all 
definitions of type G’ permutable with M are mutually consistent. 

An interesting case of this kind is furnished by E,. We 
have seen that E, and M are overlapping definitions; but it is 
easily verified that E, is permutable with M, hence E, and 
M®* are mutually consistent. 

The method outlined above, like that in the preceding sec- 
tion, can sometimes be applied even if the two definitions are 
of different types. Thus, it can be shown that B:\M = MB,, 
where M is the function-to-function transformation 


yi) = ade, 


and where all the formal processes involved have a meaning 
and are correct if applied to a sequence summable both B, 
and M. Thus B,; and M will be consistent if M is regular; 
that is, if the existence of lim,.,. z(¢) implies the existence 
and equality of lim,... y(f). The transformation M is exactly 
what is known as the first Hélder (or Cesdro) mean for con- 
tinuous limits;f it is known to be regular. Equally simple is 
the proof that M’ and B, are mutually consistent. 

This method of proof seems susceptible of wide application 
in studying the question of mutual consistency, which is 
important, and which has as yet received little attention. 


6. Total Regularity. Let us now suppose we are dealing only 
with real sequences, and applying to them only real transforma- 
_ tions. A regular definition must evaluate any convergent 
sequence, giving it its true value. It may naturally be asked 
whether this conservation of finite limits applies also to infin- 
ity of definite sign; in other words, whether a sequence becom- 
ing (say) positively infinite need be evaluated by a regular 
definition to positive infinity. The definition 2M — I: 


n 


n n 


is obviously regular; but if we take z, = n, then we find 


* Hurwitz and Silverman, loc. cit., p. 7. 
t See § 10. 
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Yn _ 1, so that 
lim z,= + ©, lim y, = 1. 


In this case therefore regularity does not extend to the con- 
servation of the improper limit + ©. 

A regular definition may be called totally regular if it 
evaluates every sequence which becomes positively (nega- 
tively) infinite to + © (— 0). 

A sufficient condition that a regular definition G be totally 
regular is that for all sufficiently great values of k, ax(t) = 0. 
In this case, condition (G2) of the conditions for regularity is 
superfluous. If the definition is of type G’, the condition, 
Gnz = O for all sufficiently great values of k, is also necessary. 

A closely related consideration is that of the effect of a 
regular transformation on the limits of indeterminacy of a 
sequence which it does not evaluate. It is desirable that a 
definition, if it does not evaluate a specific sequence, shall at 
least not render its oscillation more violent; this may readily 
happen, however. If we apply the definition 2M — I to the 
sequence 0, 2, 0, 4, 0, 8, ---, for which 


lim inf z, = 0, 


we find that 
lim inf y, = — ©. 


Without endeavoring to answer completely the question 
raised, I shall merely say that the condition for total regularity 
is sufficient also to insure that the new limits of indeterminacy 
shall not fall outside the interval of the old limits. 

The criterion for ‘total regularity is easily tested for all the 
usual definitions. It is found that M’, C,, R,,, are totally 
regular for the values of r= 0 for which they are defined; 
E, is totally regular for r = 1. When the point set T is real, 
P, B, and the definition of Le Roy are totally regular.* 

We may also widen the scope of the notions of relative 


- * The consideration of total regularity settles the question of the effect 
of these definitions on the series 1 +2 +2?+ --- at the point z = 1, 
which was left open in § 3. 


= 


1922.] - REPORT ON DIVERGENT SERIES 31 


inclusiveness and equivalence to take account of sequences 
evaluated to + ©. Obviously, on account of the relations 
M’M* = M+, E,E, = E,s, the statements previously made 
regarding relative inclusiveness of M’ for varying r and of E, 
for varying r remain true even in the present extended sense. 
But it can be shown that M’ and C,, which are equivalent for 
finite limits when r is a positive integer, do not retain this 
equivalence for the limit + 0 when r = 2; in fact there will 
always be sequences which are evaluated by M* to + ©, 
and are not so evaluated by C,. 

Silverman showed that the criterion for total regularity has 
the following consequences: No definition of type G’ possessing 
an inverse can be equivalent to I both as regards finite and 
definitely infinite limits unless it is of the form K: yn = ¢Cn2n, 
where limn..¢n = 1. No two definitions A, B of type G’ 
possessing inverses can be equivalent both as regards finite 
and definitely infinite limits unless A = KB. 

These statements would not hold if the restriction as to the 
possession of inverses were removed, as may be seen from the 
trivial example y; = 0; yn = 2%n-1, n > 1; which is equiva- 
lent to J, even in the present extended sense. 


7. Adjunction or Omission of Elements. If a sequence 
converges, then the new sequence obtained by prefixing or 
omitting an element at the beginning will converge to the 
same value. We may inquire whether a similar property 
holds for definitions of summability; if a sequence is sum- 
mable A to a value /, will the sequence obtained by prefix- 
ing or omitting an element be summable A (or summable 
B, where B is expressible by means of A) to the value 1? 

This question has been answered for a number of definitions. 
In so far as it relates to prefixing an element, the answer 
must be independent of the value of the element prefixed; 
only the alteration in rank is significant. The question is 
equivalent to that of prefixing or omitting a term at the 
beginning of a series, with appropriate alteration in value of 
the series; it is in this form that it has usually been studied. 
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I shall summarize the most important results. M’, C,, E,, 
whenever they are regular, and P, permit adjunction or omis- 
sion of an element. Borel’s “absolute summability,” which 
is not regular, has the same property; a more satisfactory 
settlement of the question for the Borel means is given by the 
theorem of Sannia: If a sequence is summable B,, then the 
sequence obtained by omitting an element is summable to the 
same value at any rate by the stronger definition B,1, and 
the sequence obtained by omitting an element is summable to 
the same value even by the weaker definition B,.. 

Hardy and Riesz state that it is possible to have a series 
summable R,, , and remain so summable when a term is omit- 
ted, the two values not differing by an amount equal to the 
omitted term. 

8. Necessary Conditions for Summability. If a series Du, 
converges, then u, must approach zero; this is of course not 
sufficient for convergence, but it is a very useful property of 
convergent series. Somewhat similar necessary conditions 
exist for summability with respect to the commoner definitions; 
these conditions are sometimes expressed so as to involve terms 
of the series, sometimes elements of the sequence. For summ- 
ability M’ or C,, a necessary condition is that lim u,/n’ = 0, 
and in fact even that lim z,/n’ = 0; for summability E, it is 
necessary that lim u,/(2r — 1)" = 0 and lim z,/(2r — 1)" = 0. 

For summability P it is necessary that the series =z,t* 
and 2u,t” have radii of convergence = 1, therefore that 
lim sup |z,|" = 1 and lim sup |u,|!" =1. For summa- 
bility B, it is necessary that the series 22z,t"/(n — 1)! have 
infinite radius of convergence, hence that lim |z,|!"/n = 0 
and lim |u,|!"/n = 0. A necessary condition that a sequence 
(z,) be summable R, , to / is that 

Angi — An \” 

9. Multiplication of Series. The totality of expressions 
obtained by multiplying terms of one series Zu, by terms 
of another series 2», may be represented formally by a 
double series Zumv,. If we collect the terms of this double 
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series in any way into a simple series Zw,, the latter may be 
called a product series of the two given series. The behavior 
of the new series if the original series converges will differ ac- 
cording to the way in which the terms are grouped. Thus, if 
Wy = 

We = + + 

Wz = + + + + Usr1, 
Zw, will converge whenever 2un, Dv, converge. 

Other methods of grouping, however, are generally more 

useful. The so-called Cauchy product, suggested by the 
grouping most natural for power series, takes 


= 
We = + 
Wz = + + Us, 


In this case convergence of Zun, Zv, does not insure conver- 
gence of w,; it is, however, true that if 2u,, Dv, are con- 
vergent, then Zw, will be summable M to the product of the 
values of Lun, Dvn. More. generally, the Cauchy product of 
two series summable respectively C, and C, (R(r) > — 1, 
R(s) > — 1) is summable C,+,41, and the value of the product 
series is the product of the values of the given series. 

This gives an interesting instance of the use of non-regular 
definitions. If two series are not merely convergent, but 
summable C_;, then their Cauchy product will be convergent. 

There is a similar theorem for the Borel-Sannia definition. 
If two series are summable B, and B,, their Cauchy product 
is summable B; to the correct value, where 

r+s-—1unlessr > 0, ors > 0; 
= the lesser of r, s if r > 0, ors > 0. 

The multiplication of Dirichlet’s series suggests a different 
grouping of terms: 

= UdVnidy 


where d takes as its values the divisors of n. For this group- 
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ing, which we may call the Riesz product, we have the result: 
The Riesz product of two series summable R,, and Rj, 
where , = log n, r > 0, s > 0, is summable R,,,+.41. 

10. Extensions to Other Types of Limit. The endeavor to 
assign a meaning to lim,_.,, 2, when it does not exjst in the 
ordinary sense leads naturally to the same attempt for 
lim,..2(t), where z(#) is a function of the continuous real 
variable ¢. The analogues of the Cesaro and Hélder means 
were studied by Landau.* Investigations of the general type 
corresponding to G’ were made by Silvermanf and Kojima.t 
I shal] not repeat the most general results of these authors, 
but shall quote only the following special case :§ 

If y) is integrable in y for each value of x, 0 < y Sz, 
and if for any function u(x) which is bounded and integrable in 
any finite interval, x = 0, we define 


v(x) = au(r) + if K(a, s)u(s)ds, 


then a sufficient condition that lim,.. v(x) = 1 whenever 
lim... u(x) = 1 is that for constant a, 


| K(x, y)|dy converges, lim f |K(z, y)|dy = 0, 
0 zn 
that for x > 0, 


f | K(a, y)|dy 
is bounded, and that 


lim Ke, y)dy=1—a. 
0 


Extensions to double series have also been made. The 
analogues of the Cesdro and Hélder means were given by 
C.N. Moore.|| Robison{ has made a general study of regu- 
larity. An element of novelty in comparison to the case of 


* SAcusIscHE BERICHTE, vol. 65 (1913), p. 131. 

7 TRANSACTIONS oF THIS SocrETy, vol. 17 (1916), p. 284; this BuL- 
LETIN, vol. 22 (1915-16), p. 459. 

¢ Tésoxu JournAt, vol. 14 (1918), p. 64; vol. 18 (1920), p. 37. 

§ Silverman, this BuLLETI, loc. cit. 

| TRANSACTIONS OF THIS SoctETy, vol. 14 (1913), p. 73. 

{ Ph.D. thesis, Cornell, 1919. 
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simple series is that even a convergent double series need not 
have its terms bounded. Robison’s result corresponding to 
the theorem of Silverman and Toeplitz for simple series 
follows. 

A necessary and sufficient condition that the, transformation 


Ymn = Omnki Let 
k=I, 


carry every bounded convergent double sequence (2mn) into a 
bounded double sequence (Ymn) convergent to the same value is that 


(1) for eachk,l, lim Gnax = 0; 
(2) for all m, n, >> |Qmnzz| 28 bounded; 
k=1,l=1 
(3) for each L, li > | @mnxt| = 0, 
k=1 


and for eachk, lim > |amnu| = 0; 
I=1 


(4) lim >) Gmax = 1. 


k=l, 

Robison has given also the theorem for double series corre- 
sponding to the result of Carmichael and Hildebrandt, and 
the condition for total regularity. 

11. Other Questions. Time does not permit a detailed ac- 
count of other interesting lines of study in connection with 
divergent series; a brief mention of a few results must suffice. 

Closely related to the regularity of a transformation of type 
G is the requirement that it carry every convergent sequence 
into a convergent sequence (irrespective of any relationship 
between the two limits); or that it carry a bounded sequence 
into a convergent sequence, or a bounded sequence into a 
bounded sequence. These conditions have been studied by 
Kojima,* Fraleigh,t and J. Schur,t and for double sequences. 
by Robison.||_ Interesting investigations have been made of 
properties possessed not by all series summable according to 
a certain definition, but only by such of them as satisfy further 


* TéHoxku JouRNAL, vol. 12 (1917), p. 291. 

+ A.M. thesis, Cornell, 1918. 

JournaL Fin Maruematik, vol. 151 (1920), p. 79. 
|| Loe. cit. 
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conditions. Typical theorems of this kind are the following: 
If Zu, is summable M and nu, < K, then Sup is convergent.* 
If Zu, is summable B, and Wn |un|< K, then Dup is 
convergent.f 
For applications of the theory of divergent series to im- 
portant special types of series, to differential equations, and 
to mathematical physics, reference may be made to the three 
expository papers mentioned in § 1. 


12. Conelusion. I shall permit myself, in closing, to make 
two observations which represent only personal opinion. 

Any definition of the generalized limit of a sequence is 
ultimately only an actual limit of something else; it seems to 
me worth while to recall frequently, in dealing with divergent 
series, that we are in fact studying only ordinary processes of 
convergence. It is at times more illuminating for the com- 
prehension of a theorem on summable series to supply all the 
transformations implied in the definition of summability and 
state the result entirely in terms of ordinary limits than to use 
the more concise form which is in essence symbolic. Indeed, 
important applications of the conditions for regularity are 
proofs of theorems on limits, in which divergent sequences 
present themselves, if at all, only as an afterthought. Such 
applications have been given by Silverman and by Schur. 

As regards the various current problems in connection with 
divergent series, the most important seems to me personally 
to be that of mutual consistency. It would be desirable to 
be able to assert of any two definitions which have been used 
practically that they are or are not mutually consistent, and 
to have such workable criteria as would make it possible to 
test new definitions which may be proposed. Without such 
information, the use of two different methods of summability 
in a single investigation, unless one is merely included in the 
other, would seem to produce at least grave inconvenience. 

CornELL UNIVERSITY. 


* Hardy, ProcEEDINGS oF THE Lonpon Society (2), vol. 8 (1910), p. 
302; Landau, Prace MATEMATYCZNO-FIZYCZNE, Vol. 21 (1910), p. 97; Fuji- 
wara, TOHOKU JOURNAL, vol. 15 (1919), p. 323. 
¢ Hardy and Littlewood, Renpicont1 p1 PaLerRmo, vol. 41 (1916), p. 36. 
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NOTE ON AN IRREGULAR EXPANSION PROBLEM* 
BY DUNHAM JACKSON 


One of the simplest expansion problems depending on a 
set of boundary conditions of the type which Birkhoff has 
called irregular, is that associated with the system 


Pu 
(1) de + pu = 0, 
u(0) = 0, u'(0) = 0, u(r) = 0. 


Let ™(x), u2(x), --+ be the characteristic functions of this dif- 
ferential system. The writer showed, a number of years ago, 
that the formal expansion of an arbitrary continuous function 
f(x) in a series of the form 


(2) + + 


will ordinarily be divergent, even if f(x) satisfies conditions 
which would insure the convergence of its development in 
terms of the characteristic functions of a regular system; and 
it may diverge even if f(x) is analytic throughout the interval 
(0, x). Asubsequent paper by Hopkins} specified a restricted 
class of analytic functions to which f(x) must belong, if the 
expansion is to converge uniformly to the desired value. 
He showed that the necessary condition thus obtained, if 
supplemented by certain secondary hypotheses, is also suffi- 
cient. He did not discuss the question whether the formal 
expansion, if uniformly convergent at all, must necessarily 
have f(x) foritssum. His analysis, however, makes it possible 
to recognize without difficulty that this is the case. It is 

* Presented to the Society, April 23, 1921. 

+ D. Jackson, Expansion problems with irregular boundary conditions, 
PROCEEDINGS OF THE AMERICAN ACADEMY, vol. 51 (1915-16), pp. 383- 
417; see pp. 384-393. 

tJ. W. Hopkins, Some convergent developments associated with irregular 
boundary conditions, TRANSACTIONS OF THIS SocIETY, vol. 20 (1919), pp. 
245-259. 
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the purpose of the following paragraphs to supply the details 
of the demonstration.* 
The system adjoint to (1) is 


dy 
3) 
= 0, = 0, v'(r) = 0. 


Its characteristic functions may be denoted by (x), v2(x), ---, 
and then the coefficients in the series (2) will be given by 


If the series converges uniformly, its sum g(x) will be a 
continuous function vanishing for z = 0 and for z = 7 (and 
satisfying also the condition g’(0) = 0, though it is not 
necessary to insist on that point here). By the orthogonal 
properties of the system of functions un(z), vn(x), we see that 


so that the difference 
r(x) = f(x) — g(z) 
has the property that 


0 


We shall assume at first that f(x) vanishes at both ends of 
the interval (0, +), and then r(x) will have this property also, 
It is to be shown that r(x) must vanish identically. 

It follows from Hopkins’s workf that the formal develop- 


* This proof is more or less in line with a conversation between Pro- 
fessor Birkhoff and the writer, which took place early in 1917, before Mr. 
Hopkins’s work was completed. Neither party to the conversation can 
remember definitely now what was said, except that it probably covered 
a part, but certainly not the whole, of what isdone here. The fundamental 
idea of the proof has been used frequently in other connections. 

t Loc.cit., Theorem III, and p. 259, footnote. The proof can also be 
based directly on § 3 of the paper, without reference to the more general 
method of § 4. 
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ment of 


in a series of the form (2) converges uniformly for 0 = x = z, 
if k is any positive integer. Since the system (1) and the 
system (3) are carried over into each other by the substitution 
of x — z for x, and, in particular* 


0n(x) = — 2), 
it follows that 


(5) = (4 — — — 2)? 


can be expanded in a uniformly convergent series of the func- 
tions v(x). 

It will be shown that r(x) can be approximately represented, 
uniformly for 0 = x S 7, with any desired degree of accuracy, 
by means of a linear combination of a finite number of the 
expressions p;(x). Hence r(x) can be similarly represented 
in terms of the functions v,(x), each p;(x) being replaced by a 
sufficient number of terms of its expansion in series of the 2’s. 

The hypothesis has already provided that r(0) = r(r) = 0. 
If r:(x) is defined as equal to r(x) for 0 = x S mr — 25, equal to 
(x — for  — 6 =z =r, and linear and continuous for 
— — 6, then 7,(x) will differ arbitrarily little 
from r(x) throughout (0, 7), if 6 is taken sufficiently small, 
and will have the form 


(6) r(x) = (x — x)*q(2), 


where g(x) is continuous for 0 =z =7, and vanishes for 
x=0. The quantities involved being real, + — z is a single- 
valued continuous function of (x — x)’, and the same is true 
of x. Hence q(x) is a single-valued continuous function of 
(x — x)* for0 =x Therefore by Weierstrass’s theorem, 
it can be approximately represented with any desired accuracy 
by a polynomial in (x — x)*. That is, if € is any positive 
quantity, there will exist an exponent m and a set of coefficients 
* Cf., e.g., D. Jackson, loc. cit., pp. 387, 389. 
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Ao, Ai, so that 


|Ao+ — 2)? + — 
+ An(x — x)*™ — q(z)| 


throughout (0, x). In particular, for z = 0, since q(0) = 0, 
| Ag + Ayr? + Aor® + eee | < 
Hence, by subtraction within the bars, 


|AL(e — — ' 
+ An[ — x)" — — g(z)| < 2; 
from (5) and (6), 


| Aipa(z) + + Ampm(x) — < 2n%e; 


and the existence of the desired approximation for r(x) can be 
inferred at once. 

It is to be regarded as established, then, that r(x) can be 
represented with any required accuracy by a linear combina- 
tion of the »’s, or, what amounts to the same thing, that r(zx) 
can be expanded in a uniformly convergent series of the form 


r(x) = + C2V2(x) + ---, 


where is a linear combination of »(x), v(x), ---, 0n(z), 
with constant coefficients. Because of (4), 


= 0 (n = 1, 2, ---). 
0 
Consequently 
= + C2Vo(x) + = 0, 
0 0 


and r(x), being continuous, must vanish identically. 

It has been assumed hitherto that f(x) vanishes at the ends 
of the interval. This must in fact be the case, if f(x), always 
supposed continuous, is to give rise to a uniformly convergent 
expansion. Let us make the contrary hypothesis, and show 
that it leads to a contradiction. The continuous function 
g(x) must still vanish at 0 and z, and r(z) will have the same 
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value as f(x) at these points, being accordingly different from 
zero at one or both of them. It will then be no longer possible 
to approach r(x) uniformly by means of linear combinations of 
the v’s. If € is any positive quantity, however, it will be 
possible to choose a function r2(x), continuous throughout the 
interval and vanishing at 0 and 7, in such a way that 


— ro(x)|dx < 
0 


Then r2(x), by the reasoning applied to r(x) under the previous 
hypothesis, can be approached by a linear combination of the 
v's, from 1 to v,, say, with 2 maximum error not exceeding 
e/(2x). If the approximating function is denoted by W,(zx) 
we shall have 


fire) — W,(x)|dz < «. 


If we do this for a succession of values of ¢ approaching zero, 
we obtain a succession of functions* W,,(x), such that 


lim fire) W,(z)|dz = 0. 
0 
Let M be the maximum of |r(z) |; then 


| — Wola) 


so that 


=M fire — W,(zx) |dz, 


lim — Wa(2) dz = 0. 
0 


Since /rW,dx = 0 for all values of n, it is seen again that 
JS rdx = 0, and r(x) vanishes identically. This is at the same 
time a verification of the principal result to be established, 
and a proof that the hypothesis with regard to the non-vanish- 
ing of f(x) at the ends of the interval was inadmissible. 

Tue University oF MINNESOTA. 


* It is allowable to think of the index 7 as taking on all positive integral 
values, since a linear combination of the first 7 of the v’s is at the same time 
a linear combination of the first n’ of them, if n’ is any number greater 
than n. 
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THE BOCHER MEMORIAL PRIZE 


The establishment of the Bécher Memorial Prize is a note- 
worthy departure in American Mathematical polity. It is 
believed that this is the first mathematical prize in our country 
to be given at regular intervals for research in pure mathe- 
matics. 

The inception of the prize was due to Professor T. S. Fiske 
who, after the death of Maxime Bécher in 1918, raised a 
voluntary fund for a permanent memorial of his work and 
services. This fund was turned over to the American Mathe- 
matical Society, and a special committee consisting of T. S. 
Fiske, C. N. Haskins, Dunham Jackson, O. D. Kellogg, and 
E. B. Van Vleck was appointed to consider its disposition. 
This committee reported to the Council the following resolu- 
tions which were adopted: 

1. A prize of $100 (later a larger sum) shall be awarded once 
in every five years for a notable research-memoir, published 
in the Transactions of the American Mathematical Society 
during the preceding five years by a resident of the United 
States or Canada. The prize shall be known as the Bécher 
Memorial Prize. 

2. Such interest of the Memorial Fund as is not used for 
the prize shall be added to the principal. 

3. The age of the recipient of the prize shall not be over 
forty years, and the prize shall not be awarded twice to the 
same person. 

4. The first award of $100 shall be made by a Committee of 
the Council for a memoir published during the period 1918- 
1922, and shall be conferred at the annual or other designated 
meeting of the Society in 1923. 

The suitability of the memorial will be apparent to all who 
are conversant with the history of American mathematics. 
Before many of the older generation imagined any immediate 
possibility of developing American mathematics to a perma- 
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nent position of international importance, a group of the 
younger men had actually achieved this. It may be doubted 
whether another such formative period in American mathe- 
matics will ever recur. Professor Bécher took his doctor’s 
degree at the University of Goettingen in 1891, and on his 
return to Harvard University, became at once one of the out- 
standing figures in the new movement, thus stamping his 
impress on American mathematics when in its molten stage. 
When he died at the age of fifty-one, he left behind him a 
larger and more important aggregate of investigation in pure 
mathematics than had any preceding mathematician in Amer- 
ica. 

As the mathematical renaissance progressed, it became 
evident that the means for the publication of research in this 
country were altogether inadequate, and a new journal, the 
TRANSACTIONS OF THE AMERICAN MATHEMATICAL SOCIETY, 
was founded through the persistence of a small group of men, 
among whom Professor Bécher was conspicuous. Because 
of his unusual fitness for editorial work he was chosen as its 
second editor-in-chief and served for two successive terms, 
1907-1913. His colleagues on the editorial board can testify 
to Professor Bécher’s extraordinary capacity for editorial 
work,—his quick and accurate judgment of memoirs, his un- 
selfish and lavish expenditure of time, his clearness and 
elegance of presentation. 

In determining what disposition should be made of the 
fund, many possibilities were discussed, and the final form of 
the recommendation was due to a combination of considera- 
tions. Because of the eminence of the scientific work of Pro- 
fessor Bécher and his power as teacher to stimulate investiga- 
tion, it was felt that there could be no more fitting memorial 
than the use of the fund to encourage research. Also, in 
recognition of his editorial ideals and service, it was desired to 
connect the memorial with the Transactions and thus assist 
in raising the quality of mathematical production in America 
and Canada. 

Unfortunately, the fund is not large, $1200. In conse- 
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quence, it was thought that a considerable portion of the 
interest must be set aside to secure the permanent usefulness 
of the fund. Hence it was recommended that the award of 
the prize should be made only once in five years, and that 
initially its amount should be limited to $100. For the present 
the unique honor of its receipt must compensate for its in- 
adequacy. Would that some friend of Professor Bécher and 
American mathematics would increase the size of the prize 
and thereby its importance! 

Under conditions prevailing in our colleges and universities 
an extraordinary amount of elementary instruction is neces- 
sary. This routine work is so important, so time-consuming 
and energy-exhausting as to distract the attention of our 
brightest young instructors from research. The first ten years 
following the doctor’s degree are indeed very critical ones, and 
for this reson an age limit has been imposed on the prize. 
In recognizing particularly the younger men, the desire is to 
help keep American mathematics ever young. The age limit 
of forty years may be too high, but continued production is as 
essential as early production. It is hoped that the memoirs 
honored by the prize not only will have much intrinsic value 
but will exhibit also some of Professor Bécher’s lucidity and 
directness of style. 

While general conditions have been framed for the prize, 
the administration and interpretation of the above resolutions 
are left to the successive committees of award. 


Mapison, WISCONSIN, 
February 28, 1922. 


Epwarp B. Van VLECK. 
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ON KAKEYA’S MINIMUM AREA PROBLEM * 
BY W. B. FORD 


1. Introduction. During recent years the Japanese school 
of mathematicians, notably Professors Hayashi, Kakeya and 
Fujiwara, have proposed and investigated to some extent a 
unique and apparently new class of maxima-minima problems 
of which the one considered in this paper may be regarded 
as the simplest type. In general, such problems concern the 
determination of the closed curve of least area within which a 
given configuration may be completely rotated. The special 
problem in which we shall be interested appears to have been 
first stated by Kakeya and is as follows:t 

A line-segment AB lying in the plane MN is to be moved 
so that it shall return to its original position but with its ends 
reversed (as in the rotation of a segment about its middle point 
through a semicircumference). How should this be done in 
order that the area generated during the motion may be a 
minimum? 


2. Interpretations of the Problem. As thus stated, we note 
first that the problem admits of the following two interpreta- 
tions: In computing area generated during any portion of 
the motion, the area S bounded by any given enclosure in the 
plane MN is to be counted (a) as many times as it is passed 
over by AB; (6) never more than once. 


* Presented to the Society, September 7, 1920. 

¢ The existing literature upon this and the more general problems above 
referred to appears to be chiefly confined to the following three papers: 
On the curves of constant breadth, and the convex closed curves inscribable 
and revolvable in a regular polygon, by Tsuruichi Hayashi, TéHoxu ScieNcE 
Reports, vol. 5, pp. 303-312 (Dec. 1916); On some problems of marima 
and minima for the curve of constant breadth and the in-revolvable curve of 
the equilateral triangle, by M. Fujiwara and S. Kakeya, TéHoxu JourNAL, 
vol. 11, pp. 92-110-(Feb. 1917); Some problems on maxima and minima 
regarding ovals, by Soichi Kakeya, Té6Hoku Science Reports, vol. 6, pp. 
71-88 (July, 1917). Recently P4l (MatTHemaTiscHE ANNALEN, vol. 83 
(1$21), pp. 311-319) has given a complete solution, but under greater re- 
strictions than those of this paper. 
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These two interpretations are illustrated in Fig. 1 wherein 
AB has been given a simple rotation of angle @ about a fixed 
point O lying in the perpen- 
dicular bisector CD of AB. 
Here A and B describe arcs 
of one and the same circle, 
thus taking the final positions 
A’, B’, while the segment AB 
passes over the singly shaded 
areas R, T once each, but 
passes over the doubly shaded 
area § twice, first by the por- 
tion CB and later by CA. 
: Hence, for such a motion the 
A area generated according to 

interpretation (a) is R-+ 28 
+ T, while in interpretation (b) it is R-+ S+ T. 

In order to make the necessary distinction thus arising, 
we shall hereafter refer to area generated in the sense (a) as 
area swept over, and to that generated in the sense (b) as 
area swept out.* We proceed, therefore, to consider the prob- 
lem under interpretation (a) and it is believed that the method 
followed leads to a complete solution in this case. 


3. Infinitesimal Rotation. Instead of undertaking directly 
the problem of §1 wherein AB is to be turned completely 
end for end and finally brought back upon itself, we shall find 
it desirable to begin by considering the following more general 
yet in some respects more simple question. 

How should a line-segment of length 2/ be moved in such 
a way that the angle between its initial and final directions 
shall be a given amount, 8, while the area swept over (§ 2) 
shall be a minimum? Thus, suppose that AB is the initial 
position, its direction being regarded as from A to B, and let 


*In the studies of Kakeya and others already referred to, the term 
“area generated”’ is taken in the sense (b) only, this being the case of 
greatest complexity and interest, but inasmuch as our method for the 
study of (b) depends essentially upon that for the more simple case (a), 
we shall find it desirable to develop the latter first. 
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CD be a line whose direction (from C to D) makes the given 
angle @ with AB. The question then is, how should AB be 
given the same direction as CD in such a way as to sweep 
over a minimum area?* This question may be answered 
directly by use of the following simple kinematical principle 
which, for brevity, we shall assume without proof.. 

If a line-segment AB of length 21 lying in a plane MN is 
given an infinitesimal rotation of angle d0 about a fixed point O 
in MN, the area swept over will be less when O lies upon the 
perpendicular bisector of AB than when it lies at any point 
elsewhere.t 

It thus appears, as regards the question proposed above, 
that for the desired minimum it is necessary and sufficient 
that during the motion each infinitesimal rotation shall be 
about some point in the perpendicular bisector of the segment. 
In fact, the infinitesimal area then swept over by an increment 
d6 in direction wil] be Jess than that obtained upon any other 
plan yielding the same change in direction, hence. the same 
will be true of the sum of such infinitesimal areas and likewise 
of the limit of this sum, which limit is the area in question. 
In the customary language of kinematics, this means that the 
instantaneous center of motion should lie at all times upon the 
perpendicular bisector. 

Moreover, since each infinitesimal area corresponding to a 
change in direction thus comes to differ from the value dé 
by an infinitesimal of higher order than the first as compared 
to d@ as readily appears, it follows by Duhamel’s theorem 
that the minimum area itself will have the value 


P = PO. 


* We assume throughout that during the motion the angle which the 
segment makes with its initial direction increases only monotonically, as 
otherwise negative areas would be generated. However, @ is not restricted 
to the range 0 < 6 = 2z, but may be assigned any positive value whatever. 

t The proof is readily carried out. In case the rotation takes place 
about a point in the perpendicular bisector the area swept over differs 
by an infinitesimal of higher order than d@ from [?d6, while if the rotation 
takes place about a point whose distance is h (h > 0) from the perpen- 
dicular bisector, the area swept over differs by an infinitesimal of higher 
order than d@ from (I? + h?)d@. 
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Evidently there are an infinite number of ways of the type 
just described for moving AB into parallelism with CD. Of 
these the simplest is that in which AB is given a pure rotation 
of angle @ about its middle point regarded as fixed. The next 
simplest case is that in which AB is given a pure rotation of 
angle @ about some point in its perpendicular bisector other 
than its own middle point, thus sweeping over a circular 
strip such as shown in Fig. 1. However, it is to be observed 
that in general a movement such as we are considering will 
consist of both a rotation and a translation. In this connec- 
tion the following general statement is noteworthy: Let AB 
be the initial position, C being the middle point. Draw any 
curve to which AB is tangent at C and such that, as one 
passes along the curve from C, the angle between its tangent 
and the initial direction never diminishes. Then, in order 
that AB shall sweep over a minimum area in changing its 
direction by a given amount, 0, it suffices to slide it along 
this curve in such a way as to be always tangent to it at the 
mid-point C, the motion to continue until a final position 
A’'B’ has been reached whose direction makes the angle @ 
with the initial direction. In order to see this, we need only 
note that for any such movement of a line-segment the in- 
stantaneous center always lies on the perpendicular bisector.* 


4. The Original Problem. Returning to the original problem 
of §1, we see that it concerns a rotation of the segment 
through the special angle 180° with the further restriction 
that it shall finally return completely upon itself. In order 
for this to be accomplished by a movement which shall at all 
times have its instantaneous center upon the perpendicular 
bisector of the segment and hence, in accordance with § 3, 
shall sweep over a minimum area, it evidently suffices to give 
the segment a simple rotation of 180° about its own middle 
point, regarded as fixed. This, however, is not the only 

* As noted earlier, we are supposing, as the problem implies, that during 
the motion the direction of the segment changes only monotonically. It 


is for this reason that the single condition stated above concerning the 
shape of the curve is necessary. 
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possible solution, though it is the simplest. There are, in 
fact, an infinite number of other ways of producing the desired 
result. For example, first give the segment a pure translation 
by sliding it lengthwise any given distance along the indefi- 
nitely long line of which it forms a part, then give it a pure 
rotation of 180° about its middle point, then slide it back 
along the same line as before until it takes the desired position 
upon itself. For all such methods the instantaneous center 
always lies on the perpendicular bisector, this point being at 
infinity in the case of movements of pure translation. 


5. Problem of § 3. We now proceed to consider the problem 
of § 3, and eventually that of § 1, when area swept out instead 
of swept over is to be minimized. Th= simplest case which 
can then arise is that in which, during the movement, no area 
is passed over more than twice; the next simplest case is 
that in which no area is passed over more than three times; 
next the case in which none is passed over more than four 
times; etc. Let us take for the moment the most general 
case; namely, that in which a certain area is passed over n 
times, but none more than this number of times. If, then, 
we let T represent the area swept over as the segment changes 
its direction by the amount 0, and let S, be the area passed 
over twice (duplicated), S, the area passed over three times 
(triplicated), ---, S,-1 the area passed over n times, we shall 
have as an equation for determ'ning the area 2 swept ov: 
(1) T—S8,— 28, — 38; — --- — (n— 

We now proceed to consider in detail the simplest case; 
namely, that in which only duplication is present. We have 
S. = 8S; = --- = S,_,; = 0, so that (1) reduces to 
(2) z= T— &. 

Moreover, the greatest value which S; can take is $7, this 
corresponding to the extreme assumption that the entire area 
swept over is duplicated, as takes place for example when a 


segment is rotated through 360° about a fixed point in its 
perpendicular bisector. Thus, in addition to (2), we have 


(3) 8, =3T. 


50 W. B. FORD [Jan.—Feb., 


It follows that any such movement must belong to one of 
the following four classes: (a) T not a minimum and 8S; < 37, 
(b) T not a minimum, but S,; = 37, (c) T a minimum, but 
S: < T a minimum and = 37. 

Of these it is easy to show that = can be a minimum only 
in case (d), it being assumed for the moment that there is a 
geometric possibility of a movement (or movements) in which 
(d) is realized. In fact, recalling from § 3 that when T is a 
minimum it has the value 7@, we may write, corresponding 
to the four cases, the following: 


(a2) >= > 
(+) T—S,= T—4T = > 
() T= T-—S,>T—3T =3T = 300, 
(dd) >= T—S,= T—37T = 300. 


Thus, it is possible for = to attain its smallest value only in 
case (d); that is, T itself must be a minimum and S,; = 37. 
Moreover, this smallest value of 2 (if geometrically realizable) 
has the value 376, which we shall hereafter refer to as the 
absolute minimum for duplication. 

It only remains to consider whether movements of class (d) 
are actually possible, and for this let us refer again to Fig. 1. 
Here, as the segment is rotated from AB to A’B’ the area S 
is duplicated, while R and T are passed over but once. How- 
ever, by taking the radius OC sufficiently large, the values of 
R and T may be brought as near to zero as we please, thus 
leaving only the duplicated area S. Since, by §3, T is a 
minimum for all such movements, it appears that the condi- 
tions represented in case (d), while not actually realizable in 
Fig. 1, may be made as nearly so as we please by choosing a 
sufficiently Jarge radius OC. By such a movement, therefore, 
the value of 2 may be brought as near as we please to its 
absolute minimum, 3/70, though not to this actual value. 
Moreover, it appears from geometrical considerations that 
no other method of moving the segment will produce similar 
conditions, for if the sliding of the segment is not done along 
a circular are (the mid-point C always remaining the point 


| 
| 

| 
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of tangency in order to have 7 a minimum) then not all the 
area corresponding to S will be duplicated. In fact, the area 
generated by CB will then be either too large or too small to 
be exactly covered later by the area generated by end CA 
in its forward movement. ; 

We therefore conclude that the problem of § 3, when con- 
sidered with reference to area swept out, and with the assump- 
tion that no area is passed over by the moving segment more 
than twice, has no solution; that is, there is no one method of 
movement that sweeps out a minimum area. Nevertheless, 
the area in question may be brought as near as we please to 
the value 370, the absolute, though unattainable, minimum. 

Before passing to the consideration of similar questions when 
triplication is allowable, it is of interest to apply the results 
just noted to the special problem of §1. Here @ = 180° 
and we have the further condition that the segment is finally 
to rest upon itself. The area swept over in doing this may 
be brought as near as we please to the value }z/?, thus con- 
forming to the above general statement, as follows: Let AB 
(Fig. 1) be the initial position and choose A’B’ so that 0 
shall be arbitrarily near to 180° (though not equal to this 
amount). Moreover, suppose that AB and A’B’ as thus 
drawn are extended until they meet, say at the point P. 
Consider now the movement obtained by first rotating the 
segment in the manner indicated in Fig. 1 to the position 
A’B’, then sliding it lengthwise along B’A’ produced until 
the midpoint lies at P, then a rotation about P until the seg- 
ment lies lengthwise upon AB produced, and finally a sliding 
back along AB thus produced until the segment lies com- 
pletely upon its original position. Evidently, in accordance 
with the general results above obtained, the area thus swept 
over can, by choosing @ sufficiently near to 180° and OC suffi- 
ciently large, be brought arbitrarily near to the indicated 
amount, 


6. Triplication of Areas. We pass on to analogous studies 
when triplication as well as duplication is allowed. Here, 
instead of (2) and (3), we have respectively 


| 

| 

| 
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(4) >= T— 8, — 2S, 
(5) S. = 


the equality sign in (5) corresponding to the extreme assump- 
tion that the entire area swept over is triplicated. 

From (4) we have = + S.= T— S2. ButS,+ 8.32. 
Hence, 22 = T — Sz, or 


(6) z= 3(T — &:). 


Corresponding to the four cases (a), (b), (c), (d) of § 5, we 
may now consider the following as representing all possi- 
bilities: (a) T not a minimum and S, < 37, (6) T not a 
minimum, but S; = 37, (c) T a minimum, but S, < 37, 
(d) T a minimum and S; = 37. These assumptions, when 
employed in (6), lead to the following results respectively: 


(a) 4(T — > — 47) = > 
(6) — = — 47) = > 
() > — 32) = = 
— = — 41) = = 


Thus, it is only in case (d) that = can attain as low a value 
as 470, which value, corresponding to the procedure of § 5, 
we may now take as the absolute minimum for triplication. 

The geometric interpretation of these results, however, pre- 
sents more serious difficulties than in the analogous results for 
duplication, for, if 7 be a minimum, as (d) requires, it is not 
apparent that triplication can be present in any species of 
movement to such an extent as to cover the entire area swept 
over, as (d) likewise requires, nor does it appear that such 
conditions can be realized through any limiting form of move- 
ment analogous to that presented in the expanding circular 
ring already employed in the case of duplication. It may 
therefore well be (and it is the author’s belief, though he cannot 
furnish a formal proof of the fact) that the value 370, already 
met with as the lowest approachable value in the case of 
duplication, is likewise the lowest approachable value even 
when triplication is allowed, the only difference in the two 
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cases being that this value may actually be attained in the 
latter case for one or more special values of 0.* 

Finally, it may be observed that the values of the so-called 
absolute minima for the cases where area may be passed over 
four, five, six, --- times are respectively 470, +10, 470, ---. 
The consideration of these cases, however, on the geometrical 
side again presents serious difficulties, but tends to the opinion, 
as in the case of triplication, that in general the smallest area 
that can be swept over by any actual movement of angle 0 
is 370 rather than any of these smaller values. 

University oF MIcHIGAN. 


CONVERGENCE OF SEQUENCES OF LINEAR 
OPERATIONS f 


BY T. H. HILDEBRANDT. 


Let U,, be a sequence of linear continuous operations on the 
class F of functions f, continuous on the interval (a, 5), i.e., 
suppose that every U satisfies the two conditions: 


(1) U(esfi + = e,U( fi) + c2U( fe) 
for every pair of constants (c:, c2) and every pair of functions 
(f1, f2) of the class F; 


(2) There exists a constant M depending on U such that if 
Nf is the maximum value of |f| on (a, 5) then 


|U(f)| = MNP. 


The greatest lower bound of all possible values M might be 
called the modulus of U. 


* Thus, in case 6 = x and triplication is allowed, the corresponding 
value 4/?x may be attained as follows: Construct the hypocycloid of three 
cusps obtained by rolling the circle of radius 41 within the circle of radius. 
$l and let the given segment (of length 21) move so as to be always tangent 
to this curve and yet be everywhere entirely within it. The resulting: 
area swept over as @ passes from 0 to = is entirely triplicated, as is well 
known, and is equal to the amount above stated, 3/?x. See, for example, 
F. Gomes Teixeira, Traité des Courbes Spéciales Remarquables Planes et. 
Gauches, vol. II, p. 193. (Coimbre, 1909.) 

t Presented to the Society, September 4, 1919. 
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Helly* has shown that a necessary condition that lim, U, 
exists for every f of F is that the U, be uniformly bounded, 
i.e., that there exist a constant M independent of n such that 


lim, = U(f), 


where U(f ) is a linear continuous operation whose modulus is 
less than or equal to M. In order to obtain sufficient condi- 
tions, it is necessary to make use of the classical theorem of 
Riesz, that every linear continuous operation on the class F 
is expressible in the form of the Stieltjes integral, / fda, 
where a@ is of bounded variation. If a@ is regular, i.e., such 
that at every point z on (a, b) a(x) lies between a(x — 0) 
and a(z+ 0), which can always be assumed to be the case 
without changing the value of the integral (and we shall 
restrict ourselves to this case), then the total variation 
(Sf |da|) of a is exactly the modulus of U, so that Helly’s 
condition would be, that there exists a constant M independent 
of n such that 


Then 


S |\da,| < M, 
for every n, i.e., the a, are uniformly of bounded variation. 
This condition is not sufficient. Hellyf has shown that if 
(1) the a, are uniformly of bounded variation and (2) there 
exists a function a of bounded variation such that 


lim, a, = a for every z, 


lim, /fda, = {fda for every f of F. 


Brayt has shown that a weaker second condition is that there 
exists a function of bounded variation a and a denumerable 
everywhere dense set of points: 21, ---, Ym, -*+ including 
a and 6, such that for every tm 


then 


On(%m) = (2m). 
This condition is not necessary. It is the purpose of this 
note to derive necessary and sufficient conditions. 


* Helly, WreNER SITZUNGSBERICHTE, vol. 121 (IIa) (1912), p. 268. 
t Loe. cit., p. 288. 
t ANNALS oF MaTHEMATICs, (2), vol. 20 (1919), p. 180. 
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We derive first an additional necessary condition. Since 
the a, are necessarily uniformly of bounded variation, it 
follows from a theorem by Helly* that the a, are a compact 
set, i.e., there exists a subsequence ap,, of the sequence ap 
and a function a (necessarily of bounded variation) such that 


limm On,, = for every x. 
Consequently 
limm Jfdan,, = S fda 
for every f of F. Since lim, /fda, exists, it follows that 
lim, /fda, = /fda, or lim, /fd(a, — a) = 0 
for every f of F. Let 
Bn(x) = — a(x) — an(a) + 


Then our condition becomes: 


lim, /fdB, = 0 
for every f of F. If we take f = 1 then 
(a) lim, [Bn(b) B,(a) | lim, B,(b) = 0. 


Again take f= 27 for and f=é fo 
Then if we apply the integration by parts formula valid for 
Stieltjes integrals: 


S fdBn = fBn|? — SBndf = — Brdz. 

Consequently, since lim, 6,(b) = 0, we must have 
(b) lim, £.*B,dx = 0 for every zx of (a, b) 
or the equivalert condition: 
(b’) lim, /"8,dx = 0 for every subinterval (a1, b;) of (a, 5). 
We transform this last condition as follows: 

Lemma I. Jf B, is a sequence of functions uniformly of 
bounded variation such that 

lim, JS,” Bndx = 0 

for every subinterval (a;, b:) of (a, b), and if un 2s the greatest 
lower bound of |Bn(x)| for x on (a, b), then lim, un = 0. 


* Loc. cit., p. 283. See also Radon: WIENER SITZUNGSBERICHTE, vol. 
122 (IIa), p. 1377, and Fischer, this BULLETIN, vol. 27 (1920), p. 12. 
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If lim, up, is not zero, then there will exist an e > 0 and a 
subsequence Up,, of u, such that w,,, > e for every mm, i.e., 
for every nm and every xz we have 

> e. 


Since the 8,,, form a compact set, there exists a subsequence 
8; approaching a limiting function 8 also of bounded variation. 
This function 8 will obviously be such that |A(x)| > e for 
every z of (a, b). Consequently there exists a subinterval 
(a;, b;) of (a, 6) such that either 
=S—e or B(x) Ze 
for every x of (a1, by), i.e., 
| Se,’ B(a)dx| > — ay). 

But the §;’ are uniformly bounded. Hence* 

lim; Jo," Bx’ (x)dx = 


which is not zero. Then we have reached a contradiction to 
the hypothesis of the lemma. 

A direct consequence of this lemma is: 

Lemma II. [Jf 8, is a set of functions uniformly of bounded 
variation such that 


lim, = 0 


for every subinterval (a,, b;) of (a, b), then in every subinterval 
(a1, b:) of (a, b) there exists a sequence of points x, such that 


limn = 0. 
For, any subinterval (a;, b,) of (a, 6) may replace (a, 6) in 
the hypothesis of Lemma I. Moreover, since lim, u, = 0, 
it follows that there will exist a point z, such that 


1 
| Bn(an) | = Un + 


1.e., lima, Ba(tn) = 0. 

The conclusion of this lemma together with the fact that 
the a, are uniformly of bounded variation is also sufficient 
for the convergence under consideration, i.e., we have: 


* Cf. Lebesgue, Legons sur l’Intégration, p. 114. 
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THEOREM. Necessary and sufficient conditions that the limit 
lim, .’fda, exist for every f of F are that 

(1) the an be uniformly of bounded variation, 

(2) there exist a function a of bounded variation such that if 


Bn(2x) = a, (x) a,(a) + a(a), 
then 
(a) lim, B»(b) = 0, 


(b) in every subinterval (a;, bi) of (a, b) there exists a set of 
points 21, tn, such that 


limn = O. 


The function a of the theorem may be taken to be the func- 
tion which is the limit of a subsequence of an(z). 

To prove the sufficiency, we show that, under the hypotheses 
of the theorem, lim, /fd8, = O for every function f of F. 
From a theorem of Bray* it follows that 


where 2 = 4, 21, Lm-1, Im = is a subdivision of (a, 5), 
£; lies in the interval (2;;, 2;), O; is the maximum oscillation 
of f(x) in (2-1, 2;) and f'|d8,| = M for every n. Since f is 
uniformly continuous in (a, 6), for every e, there will exist a 
d, such that if |z;— =d., then O; Se/2M. Takea 
subdivision of (a, b) by the points = a, £, ---, 
such that for every i, |f;— &-1| S3d.. Let 4do be less 
than the minimum of £; — £;.. We apply the hypothesis of 
the theorem to the intervals (£;-+ do, £i41 — do), i.e., select 
a set of points 2;,, in each interval such that lim, B,(zi,n) = 0. 
We take 2o,n = Zi,n) = 6, as points of division. 
Then since these points are finite in number, we can find an 
such that if n= n, 


* Loc. cit., p. 179. 
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Since we also have 
| n) Ba(xi-1, n)] | e/2, 


we have for n = n, 


Se or = 0. 


The conditions of the theorem may be simplified, if we note 
that the converse of Lemma II holds in the following form. 


Lemma II’. Jf Bn, is any set of functions uniformly of 


bounded variation, then a sufficient condition that lim, J-*Bndx=0 
for every x of (a, b) is that in every subinterval (a, bi) of (a, 6) 
there exist a sequence of points 2, -+-, tn, -+- such that 
lim, = 0. 

The proof of this can be made along the lines of the suffi- 
ciency proof above. 

As a consequence our theorem may be stated as follows. 

Necessary and sufficient conditions that lim, {fdan exist for 
every f of F are that: 

(1) the a, be uniformly of bounded variation; 

(2) there exist a function a of bounded variation such that 
of B,(z) = Qn(X) — an(a) — a(x) + a(a), then 

lim, 8.(b)= 0, and lim, = 0 for every x. 

In this form it contains the following theorem of Lebesgue* 
as a special case. Necessary and sufficient conditions that 


lim, /f¢n = 0 for every f of F, the ¢, being summable on 
(a, 6), are: 


(1) S’|¢n|dx be bounded as to n; 
(2) (a) lim, dx = 0: 

(b) for every y, lim, Jf’(y — z)¢n(zx)dx = 0. 
This results from the above theorem if we put 


Ba(x) = 


THe UNIveRsiTy OF MICHIGAN. 


* Sur les intégrales singuliers, ANNALES DE TouLoussE, (3), vol. 1 
(1909), p. 57. 
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DE LA VALLEE POUSSIN ON APPROXIMATIONS 


Legons sur l’ Approximation des Fonctions d’une Variable Réelle. By C. dela 

Vallée Poussin. Paris, Gauthier-Villars, 1919. vi + 150 pp. 

In 1908, M. de la Vallée Poussin was engaged in a study of certain 
questions in the theory of approximate representation by means of poly- 
nomials and finite trigonometric sums. In discussing the representation 
of a function whose graph is a broken line, he was led by the limitations of 
the formulas which he employed to make the following observation:* 

“Tl serait trés intéressant de savoir s’il est impossible de représenter 
lordonnée d’une ligne polygonale avec une approximation d’ordre supérieur 
& par un polynéme de degré 

This sentence, occurring incidentally, with no particular emphasis, 
in a footnote attached to some supplementary pages following a memoir on 
a different phase of the subject, has been the direct or indirect occasion 
of about thirty published articles and memoirs which I call to mind at the 
moment,t and probably of numerous others which would be disclosed by 
a thorough search of the literature. The resulting theory is concerned 
not only with inner limits of approximation, as contemplated in the passage 
just quoted, but also with outer limits for the approximation attainable 
by various means, the degree of convergence of Fourier’s and other series, 
and a variety of related topics. While this theory also has other origins 
and beginnings,f it is a fact that the numerous papers referred to can 
jn each case be traced back in the personal experience and associations 
of the authors at least partly to de la Vallée Poussin’s formulation of the 
problem. 

The book under review, a monograph in the Bore] series, is a summary, 
not of the entire literature of the subject, for citations are few and informal, 
but of its principal results, in systematic and often novel presentation. 
It is particularly appropriate that the man to whom the theory chiefly 
owes its inception, a man who has made essential contributions to it at 
various stages of its development, should now have performed the service 
of setting it before the general reader in its most attractive form. 

Of the contents of the book in detail I shall speak more briefly than 
would otherwise be desirable, for the reason that I had occasion to refer 
to it extensively, as well as to the other literature, in an expository paper 
recently published in this BuLLETIN.§ 


* de la Vallée Poussin, Note sur l’appro —o- par un polyndme d’une 
fonction dont la dévivée est 4 variation BULLETINS DE L’ACADEMIE 
DE BELGIQUE, CLASSE DES SCIENCES, 1908, pp. 403-410; p. 403, footnote. 

¢ It will be a convenience to the reviewer in the present connection if 
he may be allowed the occasional use of the pronoun in the first person. 

t See particularly Lebesgue, Sur la représentation approchée des fonctions, 
RENDICONTI DI PALERMO, vol. 26 (1908), pp. 325-328. 

§ D. Jackson, The general theory of approximation by polynomials and 
trigonometric sums. Chicago Symposium paper. March 25,1921. This 
BULLETIN, vol. 27, Nos. 9-10, June-July, 1921, pp. 415-431. 
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An Introduction deals with Weierstrass’s theorems on the uniform 
approximation of continuous functions by means of polynomials and 
trigonometric sums, and with simple properties of the ‘modulus of con- 
tinuity” of a function.* From certain references (later in the book) to 
passages in which I have made use of the latter, the reader might obtain 
the impression that it was, in the words of the White Knight, “my own 
invention.” As I have said on occasion elsewhere, however, it came to me 
from the work of Lebesgue,t who used it in essentially the same way. 
I do not know what its earlier history may have been, if any. 

Chapters I-III are concerned with the approximate representation of a 
given function by the partial sums of its Fourier series, the Fejér means 
of the Fourier series, and special trigonometric sums designed to give more 
rapid convergence in certain cases. In the main, the discussion is aimed 
at the determination of outer limits for the error of the approximation; 
an important part of the second chapter, however, is devoted to the 
theorems of S. Bernstein on the inner limit of the approximation of |x| by 
a polynomial and on the derivative of a trigonometric sum.{ Among the 
notable features of the treatment may be mentioned, in the case of the 
Fourier series, the simultaneous consideration of the original series and its 
conjugate, and in the case of the Fejér mean, the representation of the 
mean by the formula 


A generalization of the same formula is used for the purposes of the third 
chapter. In consideration of the acknowledgment made in the preceding 
paragraph, I may perhaps be allowed to say, in connection with certain 
comments on my thesis (e.g., pp. 43, 52), that its methods were considerably 
improved and its results extended in papers of mine published subsequently 
in the TRANSACTIONS.§ 

The author’s methods are particularly convenient for the determina- 
tion of the numerical constants contained in some of the error formulas. 
Take, for example, the theorem that if a function satisfies a Lipschitz 
condition with coefficient \ it can be represented by a trigonometric sum 
of order n with a maximum error not exceeding 


Kr 
n 


*By the modulus of continuity, or modulus of oscillation, (5), of a 
function f(x), is meant the maximum of |f(x’) — f(x”’)| for |z’ — xz” | S6. 

t Lebesgue, Sur la représentation trigonométrique approchée des fonctions 
satisfaisant & une condition de Lipschitz, BULLETIN DE LA Soci£T£ DE 
FRANCE, vol. 38 (1910), pp. 184-210; see, e.g., p. 202. Also, Lebesgue, 
Sur les intégrales singuliéres, ANNALES DE TOULOUSE, (3), vol. 1 (1909), pp. 
25-117; p. 114 and elsewhere. 

t Cf. the Symposium paper cited above. 

§On approximation by trigonometric sums and polynomials, TRans- 
ACTIONS OF THIS Society, vol. 13 (1912), pp. 491-515; On the approzi- 
mate representation of an indefinite integral and the degree of convergence 
of related Fourier’s series, TRANSACTIONS, vol. 14 (1913), pp. 343-364. 
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where K is an absolute constant. In one of the papers just referred to, it 
was shown that K can have the value 2.90, but certainly not a value less 
than z/2. Gronwall* later justified the use of the value K = 2.76. The 
author’s calculation on page 45, applied to the case of a simple Lipschitz 
condition, and supplemented by the use of the relationf 


sin‘ 
dt = log 2, 


_ 12 log2 


gives at once 


K = 2.65. 

Dr. Gronwall has suggested to me in correspondence a method by which I 
believe it would be possible to reduce the value considerably further, but 
I have not carried through the computation. From page 46 of the text it 
can be deduced readily that if f(x) has a first derivative satisfying a Lip- 
schitz condition with coefficient \, it is possible to obtain an approximation 
with an error not exceeding 6\/n?. The constant 6 is an appreciable im- 
provement over the value 9 (more closely, 2.90? = 8.41, or, by inference 
from Gronwall’s work, 2.76? = 7.62) previously published. 

The remaining chapters are no less significant, but will be dismissed 
very briefly. Chapter IV presents general theorems on the inner limit of 
approximation by trigonometric sums; the fifth chapter deals with outer 
and inner limits for polynomial approximation; the next two are devoted to 
the Tchebychef theory of approximation by polynomials and trigopometric 
sums, with some of its recent extensions. The last three chapters contain 
a study of the approximate representation of analytic functions of a 
complex variable. 

A number of misprints have ‘been noted, particularly in the early pages. 
For the most part they are not such as to cause any serious inconvenience. 
In the footnote on page 3, however, the reference should be to the Butt- 
ETIN DES SciENcCES MATHEMATIQUES. 

The book needs no higher praise than a statement that it is worthy of 
its author. It is qualified to give pleasant hours to any student of mathe- 
matics who turns its leaves, and will be of inestimable value to anyone 
who has occasion seriously to study the subject with which it deals. If 
many a mathematical treatise seems to place itself under the motto, quoted 
in a different connection not long ago by a reviewer in these pages, “All 
hope abandon ye who enter here,”’ it would be appropriate to inscribe 
on the fly-leaf of a text by M. de la Vallée Poussin: 

“The crooked shall be made straight, and the rough places plain.” 


JACKSON. 


*On approximation by trigonometric sums, this BULLETIN, vol. 21 
(1914-15), pp. 9-14. 

tI do not remember seeing a proof of this relation in print; I am per- 
sonally indebted for various demonstrations of it to Messrs. Gronwall, 
-Landau, M. Riesz, and I. Schur. See, however, Gronwall, loc. cit., p. 14. 


62 SHORTER NOTICES [Jan.—Feb., 


SHORTER NOTICES 


Notes d’Histoire des Mathématiques (Antiquité et Moyen Age). By B. 
Lefebvre, S. J. Louvain, Societé Scientifique de Bruxelles, 1920. 
viii + 152 pp. Paper. 

This little work is made up of a series of articles published under the 
title “Autour d’une Histoire des Mathématiques” in the REVUE DES 
Questions ScrENTIFIQUES during the years 1907-1911. These articles 
have been revised since their original appearance and are now published 
in the hope that they may be, as they will be, of further service to teachers 
and students. 

The author is a member of an order that has produced many mathe- 
maticians of note, many devoted teachers, and a body of self-sacrificing 
men who, in the seventeenth century, carried Western mathematics to the 
Far East. Such men as Ceva, Cavalieri, Clavius, Matteo Ricci, Verbiest, 
and Vincenzo Riccati, to name only a few, have worthy successors, as 
teachers, in such Belgian scholars as Vanhée, Bosmans, and Lefebvre— 
men who, in the years of the holocaust, suffered great privations—Vanhée 
being imprisoned at hard labor, Lefebvre seeing the library at Louvain 
destroyed and his people killed, and Bosmans spending the years in relieving 
the destitute in Brussels. It is, therefore, a pleasure to see, in such a work 
as this, an evidence of the spirit to “carry on,” and to bring Belgium back 
to a full appreciation of her standing as a home of scholars. 

The work is divided into fourteen chapters, as follows: I. The historians 
of mathematics; II. Oriental mathematics; III. Mathematics of Rome, 
of Byzantium, and of the Arab schools; IV. Numeration of the Greek, 
Roman, and Medieval scholars; V. Hindu origin of our numerals; VI. 
The development of the Hindu-Arabic system; VII. Mathematics in the 
Middle Ages in general; VIII. The early Middle Ages; IX. The time of 
Charlemagne; X. Gerbert (Sylvester II); XI. The exact sciences in Bel- 
gium; XII. First Renaissance of mathematics in the twelfth and thirteenth 
centuries; XIII. The Arabs in Europe; X1V. The School of Toledo in the 
twelfth century. Such an array of titles is tempting to the general reader 
as well as to the teacher and the mathematician. 

Pére Lefebvre is modest in his claims. He frankly states that his work, 
say the equivalent two hundred pages of the more conventional size, is 
merely a set of notes; and yet a set of notes of this extent may be very 
valuable, or it may be useless, or even worse. It is needless to say, 
however, that the work of a man of Pére Lefebvre’s erudition can not be 
other than helpful to students of mathematics, and interesting and sugges- 
tive, to say the least, to scholars in general. 

His first chapter, on the historians of mathematics, is essentially a 
critical review of Ball’s well known work, but it contains a judicial estimate 
of the works of other historians, such as Montucla, Tannery, Chasles, 
Zeuthen, and Cantor, not to speak of such lesser and often inferior writers 
as Marie and Hoefer. As to Mr. Ball, the criticisms extend throughout 
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the work, and are directed not only against the tvansiation, which was 
carelessly made, but against the original text, especially for its lack of 
facsimiles to illustrate such matters as the ancient methods of writing 
equations, for its neglect of oriental mathematics, for its failure to make 
use of such researches as those of Tannery, and for such doubtful state- 
ments as those relating to the discovery of the conic sections by Me- 
nechmus and the destruction of the Alexandrian library by the Christians. 

The criticism that little or no attention is paid by Mr. Ball to the 
contributions of Boethius, Capella, Cassiodorus, and Varro is more easily 
answered, since the English historian had to limit his space, and on the 
whole he seems to have chosen fairly well. If he should wish to return 
Pére Lefebvre’s criticism in kind, he might well ask what he should have 
omitted in order to find space for such names as those mentioned. He 
might even go further and inquire by what right his critic should speak of 
“Mohammed-ben-Mouga Al-Hovarezmi, surnommé Al-Khorizmi,’’ since 
Al-Hovarezmi” and “ Al-Khorizmi” are merely different transliterations 
of the same Arabic name,—the latter being the better of the two. Indeed, 
it may well be asked why the French writers have, in general, been so 
lacking in uniformity in their transliterations of all oriental names, a 
difficulty that foreign readers find very troublesome. Mr. Ball might aiso 
ask why Mohammed ibn Musa’s name also appears as Al-Hovarez (p. 
22), Al-Kharizmi (p. 121), and Al-Khowarez (p. 133), and whether these 
various forms are not unnecessarily confusing. He might also inquire 
as to the validity of the statement (p. 23), “Le surnom Al-Khorizmi 
devint le titre, dans le langage courant des Arabes (Italics mine), d’un 
ouvrage du méme vieil auteur sur |’Arithmétique hindoue.” This state- 
ment is, so far as this reviewer is aware, an unwarranted one, and it would 
be interesting to have it confirmed. The facts seem to be that the medieval 
Latin translators did their best to put the phrase “the book of al- 
Khow4rizmi” into their tongue, and the best they could do was to write 
Liber Algorismi, or Liber Algoritmi, whence came our “algorism,” “augrim,”’ 
and other variants. Mr. Ball might also ask the authority for such a 
statement as that the Greeks (presumably, of course, those of the classical 
period) knew the proof of nines, and that it may have been known to the 
Pythagoreans. If any unquestionable authority for these statements 
exists, this reviewer is not aware of it. 

On the other hand, Pére Lefebvre has given his readers much that will 
be very helpful, as in his brief but scholarly treatment of the Roman, Greek, 
and Hindu-Arabic numerals, in his notes on the French abacus, and particu- 
larly in his statements as to the debt we owe to the Christian Church in the 
Dark Ages. We have no better essay upon the contributions of the 
medieval monks to the preservation if not the advance of mathematics in 
the centuries from the ninth to the thirteenth than Pére Lefebvre has 
here set forth. This might naturally be expected, for a churchman is 
writing of other churchmen, and he does so not merely with a desire to 
place their work in the proper light, but with a knowledge, derived from 
an access to material, that few others possess. It is here, indeed, that the 
work assumes a value all its own, and one which renders it a necessity in 
the library of the student of the history of mathematics. 
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Pére Lefebvre’s work shows the effect of writing and publishing his 
essays at different times. There is a lack of that perfect coordination 
which comes from uninterrupted labor. Moreover, the work, as has been 
shown above in a few instances, has various slips of the pen or of the 
memory, little errors, in the main, that it.is quite unnecessary to mention 
in a brief review. The treatment of the Middle Ages is so scholarly and 
helpful as far to outweigh the minor imperfections that, considering the 
tumult of recent years, can easily be overlooked. Rather than search for 
errors of no moment, we should express our indebtedness to one who, with 
all his cares in these troublous times, has collected his material and made 
it more available for historians and students of mathematics. 

Samira. 


Lezioni di Meccanica Razionale, Seconda Edizione. By Pietro Burgatti. 

Bologna, Nicola Zanichelli, 1919. xi + 544 pp. 

The first edition of this work was published in 1916. Although the 
present edition contains about fifty pages more than the first, the topics 
treated and the method of treatment remain unchanged; the additional 
pages being due to brief additions scattered throughout the various 
chapters. There are no exercises, but it is stated in the preface that the 
author intends to publish a separate book of exercises with solutions. 

The book begins with a chapter on vector analysis containing as much 
of the subject as is needed for the development of the mechanics of a rigid 
body, which is taken up in the immediately following chapters. This 
development, aside from the fact that vector methods are used, is pretty 
much along traditional lines, i.e., kinematics of a particle and of a rigid 
body, including some discussion of the geometry of motion; statics, in 
which problems are first solved by writing the equations of equilibrium 
and later by the method of virtual work; dynamics, which includes the 
theory of the top, generalized coordinates, and a brief chapter on the 
problem of three bodies. Before taking up the last two chapters which 
give a brief introduction to the mechanics of deformable bodies, the author 
finds it necessary to insert another chapter on vector analysis, in which 
are considered such matters as divergence and curl of a vector, the theorems 
of Green and Stokes, and Poisson’s equation. The closing chapter deals 
with the historical development of mechanics. 

It is recognized that the student of mathematical physics must be 
familiar with vector analysis, and texts on electricity and magnetism gener- 
ally begin with a mathematical introduction which gives the machinery 
required for what is to follow. More recently the same idea is being 
extended to mechanics. We now have a number of books which treat the 
mechanics of a rigid body and also the mechanics of continua by vector 
methods, but the number is not so large but that the book under review 
can find a hearty welcome. So much of the subject of mechanics is essen- 
tially geometric that it is particularly well adapted for study by vector 
methods, and any careful teacher, whether he uses the formal vector 
notation or not, is sure to bring out the geometric interpretation. The 
thing that must be remembered, however, is that even when a property 
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is expressed in vector notation, it may be necessary to add some explanation 
or to put things in a way that is not too abstract in order that the student 
meeting the expression for the first time may see clearly the significance 
of the matter under discussion, for vector methods should add not only 
brevity but clearness. The second chapter on vector analysis would seem 
less elegant but would be more easily understood by a student if more 
effort were made to bring out either geometric or physical interpretations. 

The author has done well in showing no particular aversion to the 
cartesian coordinate system, as a familiarity with the various quantities 
in both the vector and cartesian notation is needed. In view of the state- 
ment in the preface that it was desired to show how to treat problems that 
arise either in science or in the field of technical applications, it is surprising 
that so little attention was paid to graphical statics. On the other hand 
it may of course be argued that the one thing in mechanics which the 
engineer is sure to be familiar with is graphical statics. The treatment in 
many cases is very elegant, as for instance in the derivation of the accelera- 
tion, the theorem of Coriolis, and Euler’s equations. 

The book is suited to our seniors and graduate students and could be 
covered in a three-hour course throughout the year. 

Peter Fievp. 


Mathematik des Geld- und Zahlungsverkehrs. By Alfred Loewy. Leipzig 
and Berlin, Teubner, 1920. viii + 273 pp. 


This work is a very readable elementary treatise on the mathematics of 
finance with the usual chapters on simple interest, compound interest, 
annuities certain, amortization and sinking funds, with the accompanying 
compound interest and annuity tables. Life annuities and insurance 
problems are not discussed. The general treatment is not so formal as 
that of most of the English and American books on financial mathematics. 
Much historical and economic matter is included:—for example there is 
a very interesting historical account of the rate of interest from the earliest 
times and a clear explanation of the question of foreign exchange. The 
book had been sent to the publisher in 1918, but was withdrawn by the 
author and practically rewritten in order to bring it up to date for German 
readers by inserting discussions of the various new laws and taxes arising 
out of the financial condition of the country at the close of the war. At 
one point the author rather gloomily concludes a discussion of. the low 
exchange value of the mark: “An einem Ubergang zur Bareinlésung des 
jetzt in Deutschland valutarischen Papiergeldes durch Gold ist fiir lange 
Zeit nicht zu denken.” 

The notation of the Text-Book of the Institute of Actuaries is used in 
the book with a few trifling exceptions, the most noticeable being 7™ as 
an abbreviation for m{(1 + 7)" — 1} instead of the usual notation j(m). 

On the physical side there is much to be desired in this book. The 
typography is fairly good, but the matter is very much crowded on the 
narrow-margined page. Before the reviewer had finished reading, the 
book had changed into a mass of loose leaves of very poor paper. 


A. R. CRaTHORNE, 
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Bibliotheca Chemico-Mathematica. Compiled and annotated by H[einrich] 

Zieitlinger] and H. C. S. London, Henry Sotheran and Co., 1921. 

2 vols.: vol. I, xii + 428 pp.; vol. II, iv + 429-964 pp., numbered 

consecutively from vol. I; 127 plates. 

This work was projected some time before the war, subscriptions being 
then invited, but it was not completed until the autumn of 1920, the pub- 
lication taking place in the spring of 1921. It consists of a combination 
of catalogues of books in the large stock of Henry Sotheran and Co., of 
London, the well known dealers in standard treatises of various kinds, 
and contains more than 17,000 items. The catalogues were issued during 
a period of several years, and the prices represent conditions which have, 
in the course of events, been modified from time to time. As a sales cata- 
logue of works on mathematics, astronomy, physics, chemistry, and allied 
subjects it is valuable not only because of the accuracy with which, in 
general, it has been compiled, but because it represents the trade condi- 
tions during a critical period of the world’s history. 

Of course such a work cannot, in the nature of things, be complete. 
This one represents simply the books that Messrs. Sotheran had in stock 
when the catalogues appeared. Since this stock was, however, unusually 
large, the work becomes a reference book of great value. This value is 
increased, in this instance, by the insertion of 127 plates containing 247 
portraits and facsimiles, many of the latter being photographic reproduc- 
tions of rare titlepages, and thus being of great help to the bibliographer. 

At the close of the second volume there is an elaborate index of 96 pages, 
arranged by topics, a subject like geometry, for example, being subdivided 
into algebraic, analytic, cross-ratio, descriptive, differential, elementary, 
enumerative, Euclidean, four-dimensional, general, Greek, higher, infini- 
tesimal, meta-, modern, natural, non-Euclidean, pictorial, plane, practical, 
projective, pure, solid, symbolic, and synthetic, with various further 
sub-topics of the second order. 

Such an index would be of little use were it not for the fact that the 
catalogue is arranged alphabetically by names of authors, so that the 
index will not often be consulted. Even as it is, however, there is some 
difficulty in finding the items one wishes, owing to the fact that the work 
consists of a large catalogue, a supplement, a set of addenda, and several 
sub-catalogues. Suppose, for example, one who is unfamiliar with the 
work wishes to find the Scientific Papers of John Couch Adams, where 
would he look? The answer is, under “Further Addenda” on page 786; 
but what should lead him to look there is a mystery. Any reader who 
happens to have the work at hand might be interested to see how long it 
takes to run down Reuleaux’s work on kinematics, published in 1876 
(not the one of 1875). It is, therefore, a matter of regret that the publishers 
could not have given an index of authors. As between that and the one so 
laboriously compiled, the one by names would have been far more useful. 

In spite of the annoyances that come from the index, however, the work 
is so valuable that it should have a place upon the shelves of all who are 
interested in the history or the bibliography of mathematics. 


Daviv EvGeENE Situ. 
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Kepler. By Walter W. Bryant. London, Society for Promoting Christ- 
ian Knowledge (New York, Macmillan), 1920. 62 pp. + portrait. 
This little work is one of the popular series of biographies now appearing 

under the name of “Pioneers of Progress,” published by the Society for 

Promoting Christian Knowledge. It is written by a member of the staff 

of the Royal Observatory at Greenwich, one who knows astronomy, is 

conversant with its noble history, and appreciates the contributions of 
the greatest mathematical astronomer of his time, and perhaps of all time. 

The date of the publication of the essay is appropriate, the current year 
(more precisely, December 21, 1921) being the three hundred and fiftieth 
anniversary of Kepler’s birth. It is also timely that the world should 
consider the contributions which Kepler made to the theory of celestial 
mechanics, comparing them, and those made by Newton and Laplace, 
with the new theory which is now attracting so much serious attention 
on the part of scholars and attaining so much notoriety in the public press. 

The work consists of six chapters, as follows: I. Astronomy before 
Kepler; II. Early life of Kepler; [IlI. Tycho Brahe; IV. Kepler joins 
Tycho; V. Kepler’s laws; VI. Closing years. To these are added a list 
of dates, a brief bibliography, and a glossary of terms that will be helpful. 

The first chapter gives a brief sketch of the leading theories advanced 
by Greek and medieval scholars to account for the motion of the planets, 
and then sets forth the nature of the advance made by Copernicus. The 
author calls attention to the common error of believing that the heliocentric 
theory was clearly stated by Copernicus; for the latter, “still hampered 
by tradition, did not reach” it. Most of the work is, however, devoted to 
Kepler and his discoveries. These were, as is well known, intermingled 
with naive theories that can well be excused in the childhood of modern 
astronomy. The supposed relation of the five planets (as then known) 
to the five regular polyhedrons is Pythagoreanism two thousand years 
delayed, and it seems inconceivable to us that the one who discovered 
Kepler’s laws could have advocated such an absurd theory. The fact, 
simply helps us to appreciate the intellectual atmosphere in which the con- 
tinental scientists of Shakespeare’s time were living. 

Kepler’s association with Tycho Brahe is briefly set forth. The latter 
was well advanced in the study of astronomy before Kepler was born, and 
when the latter was less than a year old Tycho was making observations of 
considerable importance. Indeed, the celebrated observatory at Uranien- 
borg was built when Kepler was only five years of age, and here and then 
Tycho was prescribing sulphur to cure infectious diseases “brought on by 
the sulphurous vapors of the Aurora Borealis”! It was not at this great 
observatory, however, that Kepler took up his studies, but in Prag, whither 
Tycho had gone after the death of his Danish patron. It was here that 
the younger man began his great work, the details of which are skillfully 
summarized in the essay under review. The mingling of the mystic and 
the scientist, of the astrologer and the astronomer, of the small mind and 
the giant intellect are so well set forth in a few pages that the little work 
may safely be recommended as one of the best of the series. It should be: 
welcome in the schools and is justified in the library of the scholar. 
Davin Smits. 
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Darstellende Geometrie. Vol. 11. By Theodor Schmid. Berlin and Leip- 
zig, Vereinigung wissenschaftlicher Verleger, 1921. (Sammlung Schu- 
bert, XVI.) 315 pp., 156 figures. 

The first volume of this work appeared in 1912, and was reviewed in 
this Butetin, vol. 21 (1914), pp. 204-205. A second edition appeared 
in 1919, containing slight changes (mentioned in the BuLLeTIN, vol. 27 
(1921), p. 285). The second volume preserves the same general arrange- 
ment; the text is frequently interrupted by lists of unsolved exercises, 
and a useful historical and bibliographical note is added at the end of 
each chapter. The figures are well drawn and are usually clear, but in 
some of the more complicated ones, as numbers 107, 112, 118, 124, 126, 
the wealth of detail makes them difficult to follow. 

The book begins with cavalier perspective, or oblique axonometry, and 
a shorter treatment of orthogonal axonometry. Besides a fairly full treat- 
ment of polyhedral figures, a shorter one on circles, spheres, cylinders and 
cones is added. The proofs are largely geometric, but footnotes use 
methods of analytic geometry and the calculus. The second chapter, 
that on central perspective, is particularly well written. The reader is 
introduced to the various steps and purposes of this method in a very 
attractive and easy manner. It might be hinted that the author became 
somewhat ambitious in treating singularities of plane and space curves, 
but there was a real temptation to complete the argument, and after all, 
the more complicated formulas appear only in the footnotes. In other 
respects the development is elementary. A wealth of important applica- 
tions, including theater perspective, are treated in the sixty pages of this 
chapter. 

The chapter on surfaces of revolution and on tubular surfaces is neces- 
sarily more mathematical. Contour, tangent planes, normal planes, 
parallel sections and principal meridians are treated. The application to 
quadries of revolution is first to obtain the proper algebraic result, and then 
to interpret it graphically. But when shades and shadows are considered, 
the apparent contours from oblique infinite sources, or from a finite center, 
are too complicated to be interpreted from the equations, and here the 
method of the preceding chapter is extensively employed. In the dis- 
cussion of cyclides of revolution both the algebraic and graphic methods 
of central perspective are employed. Later, more general tubular surfaces, 
together with their intersections, and their shadows, are considered. 

The fourth chapter, of eighty-three pages, is devoted to helicoids and 
to non-developable ruled surfaces. It begins with an algebraic discussion 
of the simple helix, then of the ordinary helicoid, followed by certain 
graphic representations, such as tangent, indicatrix, and the intersection 
with a cone of revolution, each result being first derived analytically and 
then interpreted graphically. After a short discussion of parallel illumina- 
tion, the more complicated problem of oblique generators is taken up, the 
surface generated being a quasi helicoid of high pitch. To this surface 
the same questions are applied as to the ordinary helicoid, and the results 
compared. Then comes the drawing of cylindrical and conical screws, 
with contours and plane projections. Finally, a number of particular 
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ruled surfaces are defined and described, the most attention being given 
to the cubic conoid. The intricate problems treated in this chapter are 
much simplified by the consistent use of the same method throughout; 
first an algebraic discussion, and then the graphical interpretation of the 
results obtained. 

The last chapter contains a brief introduction to topological mapping, 
to the intersections of roofs, and to the principles of the Mercator map. 

The press-work is good, and the proof-reading excellent. The book is 
not provided with an index. 

Vircit SNYDER. 


Die Quantentheorie, ihr Ursprung und thre Entwicklung. By Fritz REIcue. 

Berlin, Julius Springer, 1921. vi + 231 pages. 

The theory of relativity and quantum theory are probably the greatest 
philosophical developments of modern physics. Both grew out of the fail- 
ure of classical mechanics to give correct results when applied to radiant 
energy. Neither can be regarded as rigorously established on physical 
fact. Both are rather working hypotheses that have not been found in- 
consistent with fact. Of the two the theory of relativity is much more 
completely formulated. In fact there is in the minds of most physicists 
still considerable uncertainty as to just what quantum theory is, and con- 
cerning its cause views differ all the way from those of the extreme atomists, 
who consider radiant energy of a given frequency as capable of existing only 
in pieces of a certain size, to those of the older exponents of continuity, 
who still believe these curious results due to averaging. There is also the 
fascinating suggestion that we have here a consequence of sub-electronic 
structure and so have made a first step into the mysterious region beyond 
the electron. Because of all this uncertainty the subject has for the 
investigator an interest transcending that of more highly crystallized 
theories. For this reason we particularly welcome a book like that of 
Reiche which presents in simple form the theory and its principal applica- 
tions. 

The author disclaims any intention of writing a systematic textbook, 
yet he has produced as systematic a text as exists on the subject, and a 
very readable one. The first three chapters give Planck’s hypothesis of 
energy quanta assumed in order to obtain a radiation formula agreeing 
with experiment, Einstein’s hypothesis of light quanta with photo-electric 
application, and Planck and Sommerfeld’s hypothesis of quanta of action. 
The remaining chapters treat the Einstein-Debye theory of specific heat 
of solids, the specific heat of gases, the Bohr type of atom with application 
to optical series, X-ray*spectra, and some molecular models. The book 
should not be used as a substitute for Planck’s Heat Radiation or Sommer- 
feld’s magnificent Atombau und Spektrallinien, but as an introduction to the 
subject with which one may physically orient himself before taking up 
more complex discussions such as occur, for example, in the recent pamphlet 
of E. P. Adams published by the National Research Council. 

H. B. Pxruips. 
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Tavole di Numeri Primi entro Limite Diversi, e Tavole Affini. By L. 

Poletti. Milan, Manuali Hoepli, 1920. xx + 294. 

This little volume will be weleomed by many workers in the theory of 
numbers to whom the larger factor tables and lists of primes are not avail- 
able. Even for those who are well equipped with such tables, certain 
features of Poletti’s book will be found of value and interest. 

Following a dedication to Gino Loria, which is quite poetic in its enthu~ 
siasm, there is a preface by Loria himself which gives a short account of 
the history of such tables. Then follows a series of tables that cover some 
100 pages and give lists of primes between various limits. Table I lists 
the primes in the first 200,000 numbers with the exception of unity. 
Table II lists the primes in the first 100,000 successive numbers beyond 
10,000,000. Table III lists those in the first 10,000 successive numbers 
beyond 100,000,000. Table IV lists those in the first 100,000 successive 
numbers beyond 1,000,000,000. Besides these tables there are six short 
tables giving the primes in the following ranges: 


32,258,101 to 32,261,279, 52,631,591 to 52,636,823, 
34,482,761 to 34,486,201, 58,823,533 to 58,829,411, 
43,478,269, to 43,482,599, 76,923,101 to 76,930,757. 


It is worth while to have these results available even though they are but 
tiny islands in the vast sea of the unknown, as anyone will admit cheer- 
fully who has ever been faced with the task of determining the character 
of a number of such an order of magnitude. 

Table V gives all the factors of all numbers less than 50,000 exclusive 
of multiples of 2,3 and 5. It is arranged in the usual fashion with respect 
to the modulus 30, so that the number 30x + y will have all its factors in 
column headed y and in line number z. The author, for some reason which 
may produce some confusion, numbers the lines on the right so that the 
factors of 30z + y are found in line number z + 1. The scheme of listing 
is by no means as convenient for reference as that employed by Burckhardt, 
but it enables the author to use a much smaller page. 

Table VI gives a scheme for finding the product of any two numbers 
less than 50,000 which are prime to 2, 3 and 5, being a set of tables for 
obtaining that line of table V where that product is to be found. The 
scheme is an ingenious one, but the practical importance for the computer 
is doubtful. 

Tables XIII to XVII give the number of primes between certain limits, 
some of the tables distinguishing between primes of various linear forms 

Table XVIII gives the list of primes of the form n? — n — 1 which lie 
between 1 and 10,400,000. The series of numbers given by this form is an 
example of what the author calls an Eratosthenean series, the sifting proc- 
ess being applicable to it to determine the primes in it. The author 
cites Eratosthenean series of higher orders, but does not indicate what 
restrictions should be placed on the forms to insure Eratosthenean proper- 
ties, beyond the restriction that the form be irreducible. Thus the series 
xz? — 3x — 1 is Eratosthenean, while the series x3 — 3x — 5 is not. We 
are not told how to determine when the sifting process is applicable and 
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when it is not. The author shows that every form of the second order 
gives an Eratosthenean series, and he gives in effect, by a laborious and not 
very convincing method of proof, the theorem that a quadratic congruence 
has, for a prime modulus, two roots or none. He does not seem to see the 
connection between the numbers represented by the form az? + br +c 
and those represented by the binary quadratic form (a, b, c). 

The author is disappointing in his answer to the question “What con- 
fidence can be placed in the accuracy of these tables?” Where accuracy 
is of such vital importance the user of such a table is entitled to know of 
some of the checks and controls employed, and if comparison has been 
made with existing tables, what safeguards have been employed in making 
the comparison. Until some other independent computation has been 
made of the lists of primes here given, it will be well to use them with due 
caution. 


D. N. 


Meccanica Razionale. By C. Burali-FortiandI.Boggio. Turin and Genoa, 

S. Lattes and Co., 1921. xxiv + 425 pp. 

Students of mathematics who are familiar with the chapter on the 
application of vector analysis to mechanics in Burali-Forti and Mareo- 
longo’s book on vector analysis will be particularly interested in the book 
under review, since it is much more easy to find topics in mechanics which 
can be conveniently treated by vector methods than it is to treat the whole 
subject by such methods. It is stated in the preface that the authors do 
not present a complete treatise on rational mechanics, but that they give 
certain general notions which form a necessary foundation for applied 
mechanics. The latter part of this statement is possibly misleading, as the 
authors do give a systematic introduction to mechanics, using vector 
methods, and cover ground not much different from what is ordinarily 
offered in courses on mechanics in our American universities. The prin- 
cipal differences are that the book under review devotes more attention 
to geometry of motion, contains no sets of exercises, and does not take up 
the dynamics of the top. The pages are small, about 43” by 63”, but to 
those who are familiar with the work of the authors, it is needless to state 
that they possess the ability to treat a subject adequately in a minimum 
amount of space. 

The knowledge of vector analyiis and of homographies assumed on 
the part of the reader is briefly outlined in a thirty-eight-page introduction. 
As most of our students study mechanics before they have taken a course 
in vector analysis, an instructor using this book as a text will find it neces- 
sary to spend some time clarifying the introduction. The book will be 
found very suggestive also in connection with a course on vector analysis, 


PETER FIELD. 


| 
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NOTES 


The two hundred twenty-second regular meeting of the American Mathe- 
matical Society, being its seventeenth regular meeting in the West and the 
forty-ninth meeting of the Chicago Section, will be held on Friday and 
Saturday, April 14 and 15, 1922, at the University of Chicago, in honor of 
the twenty-fifth anniversary of the Chicago Section. On Friday after- 
noon, Professor A. B. Coble will give a symposium lecture on Cremona 
transformations and applications to algebra, geometry, and modular functions. 


The February meeting of the Society was held in New York at 
Columbia University on February 25. By request of the programme com- 
mittee Professor J. L. Coolidge gave an address on The basis of mathe- 
matical probability. 

The Council has accepted an offer from an anonymous donor to pay 
the cost, up to four thousand dollars, of an extra volume of the Trans- 
ACTIONS OF THIS SocrEty, to be brought out promptly. This extra volume 
will be sent without charge to all subscribers and exchanges now on the list. 


The July number (vol. 43, no. 3) of the AMERICAN JOURNAL OF MATHE- 
MATICS contains the following papers: Integral products and probability, 
by P. J. Daniell; Introduction to a general theory of elementary propositions, 
by E. L. Post; Note on Schléfli’s elliptic modular equations, by Arthur 
Berry; Associated forms in the general theory of modular covariants, by Olive 
C. Hazlett; On (2, 3) compound involutions, by T. R. Hollcroft. 


The June number (ser. 2, vol. 22, no. 4) of the ANNALS OF MATHEMATICS 
contains: An analytical solution of Biot’s problem, by Tsuruichi Hayashi; 
Minimal surfaces containing straight lines, by J. K. Whittemore; An exten- 
sion of Green’s lemma to the case of a rectifiable boundary, by E. B. Van Vleck; 
Periodic conjugate nets, by E.S. Hammond; On the transformation of conver 
point sets, by J. L. Walsh. 


Professor H. A. Lorentz, of the University of Leyden, will lecture at the 
University of Wisconsin from March 20 to March 30, on Light and the con- 
stitution of matter. A colloquium in his honor on Fundamental concepts of 
electrodynamics and of the electron theory will be held under the auspices of 
the Department of Physics of the University of Wisconsin on March 30-31 
and April 1. 


The former students of the Department of Mathematics of Bryn Mawr 
College, through Dean Isabel Maddison, announce that a mathematical 
meeting will be held at Bryn Mawr on April 18 in honor of Professor C. A. 
Scott, on the completion of her thirty-seventh year as Head of the Depart- 
ment of Mathematics. After an address of welcome by President M. C. 
Thomas, and an introductory address by Miss Marian Reilly, Professor 
A. N. Whitehead, of the South Kensington Imperial College of Science will 
speak on Relativity and gravitation, group tensors, and their application to the 
formulation of physical laws. An honorary committee for this occasion 
consists of Professors R. C. Archibald, G. D. Birkhoff, E. W. Brown, F. N. 
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Cole, J. A. Eiesland, James Harkness, E. R. Hedrick, F. P. Lewis, Isabel 
Maddison, E. N. Martin, H. A. Merrill, E. H. Moore, Frank Morley, 
L. W. Reid, R. G. D. Richardson, E. J. Townsend, Oswald Veblen, H. 8. 
White, and R. G. Wood. 


The Massachusetts Institute of Technology has begun publication of a 
new periodical to be known as the JouRNAL OF MATHEMATICS AND Puysics 
OF THE MassacuuseTts InsTITUTE oF TECHNOLOGY, of which the first 
number appeared in November, 1921. The editors are Professors F. S. 
Woods, H. M. Goodwin, F. G. Keyes, and C. L. E. Moore. 


In September, 1921, the Helmholtz-Gesellschaft was formally organized 
at the meeting of physicists held at Jena. This Society has accumulated 
a considerable capital, the interest of which is to be used to support scien- 
tific work in physics and technology. In celebration of the one hundredth 
anniversary of the birth of Helmholtz, which occurred August 31, a Fest- 
schrift will be published, which will include a paper by Paul Hertz on the 
foundations of geometry. 


On January 23, Professor David Hilbert, of the University of Goettingen, 
celebrated his sixtieth birthday. On this occasion, his friends, colleagues, 
and former students presented to him an address, an album of photographs, 
and a memorial volume of mathematical papers. Among those who 
joined in these remembrances were over sixty-five American friends and 
former students. The celebration was directed by a committee consisting 
of Professors O. Blumenthal (chairman), R. Courant, G. Hamel, E. Hecke, 
A. Schénflies, and (for America) E. R. Hedrick. The mathematical papers 
of the memorial volume will appear separately either in the MaTueE- 
MATISCHE ANNALEN or in the MaTHEMATISCHE ZEITSCHRIFT. 


It is announced that the preparation of the complete edition of the works 
of Sophus Lie, undertaken in 1912 by Teubner but suspended because of 
the greatly increased cost of printing, will be resumed with the financial 
support of the Norwegian Mathematical Society. The title of the edition 
will read: Sophus Lie, Gesammelte Abhandlungen, im Auftrage des Nor- 
wegischen Mathematischen Vereins und mit Unterstitzung der Akademien 
zu Kristiania und Leipzig herausgegeben von Friedrich Engel und Paul 
Heegaard. It is planned to publish seven volumes, of which volume three, 
the first to appear, is now in press. 


The mathematical library of the late Professor Paul Stickel, of Heidel- 
berg, is offered for sale by Walter Richters Buchhandlung und Antiquariat, 
at Leipzig, for 45,000 marks. It consists of more than 900 volumes. 


The members of the Division of Mathematics of Harvard University 
have constituted themselves an informal committee to solicit contributions 
to relieve the present financial need of the JAHRBUCH UBER DIE ForT- 
SCHRITTE DER MATHEMATIK. The deficit of the JanrBuca for the coming 
fiscal year will amount to about one thousand dollars. The editor, Pro- 
fessor L. Lichtenstein, has appealed for aid. The Emergency Society for 
German and Austrian Science and Art, which last year appropriated 20,500 
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marks for the JanRBUcH, contemplates the continuance of its support, 
subject to the codperation of American mathematicians. In view of the 
importance of the JanRBucH, and of the fact that it is virtuaily indispens- 
able in the pursuit of research, it is hoped that members of the Society will 
subscribe generously toward its support. Contributions should be sent to 
Professor W. C. Graustein, 44 Langdon St., Cambridge 38, Mass. 


A notable gift for the promotion of mathematical interests in America 
was announced by the Mathematical Association of America at its summer 
meeting in September, 1921. Mrs. Mary Hegeler Carus, as trustee for the 
Edward C. Hegeler Trust Fund, donated to the Association the sum of 
$1200 annually for five years for the purpose of publishing a series of 
monographs whose purpose should be to popularize mathematics by making 
accessible at nominal cost the best thoughts and keenest researches in this 
field set forth in expository form comprehensible to teachers and students 
of mathematics and to other readers of mathematical intelligence. The 
deed of gift includes the promise to capitalize this annual income by a 
permanent endowment fund if at the end of five years the project shall 
have proved successful. The trustees of the Association are taking steps 
to select a board of editors who shall have charge of all details connected 
with the publication of the proposed monographs. 


Among the effects of the late Professor Maxime Bécher are a consider- 
able number of reprints of his published articles, which his son desires to 
place in the hands of those who would appreciate them. Members of the 
Society who desire such reprints should consult the list of Bécher’s writings 
in this BuLtetin, vol. 25, p. 209 (1919), and send to Professor O. D- 
Kellogg, Harvard University, Cambridge, Mass., a list by number of the 
reprints desired. 

The Belgian Academy announces the following subjects for prizes in 
mathematics and physics to be awarded in 1922: A study of the absorption 
of light in interstellar space; A contribution to the infinitesimal geometry 
of curved surfaces; A contribution to the theory of the antenne used in 
wireless telegraphy. The prize in each case is 1500 francs. 


The Richard Lieben prize of the Vienna Academy of Sciences has been 
awarded to Professor H. Hahn, of the University of Vienna, and Professor 
J. Radon, of the University of Hamburg. 


Professor H. Hahn, of the University of Vienna, has been elected a 
corresponding member of the Vienna Academy of Sciences. 


Professors J. Horn, of the Darmstadt Technical School, A. Kneser, of 
the University of Breslau, E. Landau, of the University of Géttingen, and 
E. Salkowski, of the Hannover Technical School, have been elected members 
of the Leopoldinisch-Carolinische Deutsche Akademie der Naturférscher. 


Honorary degrees of doctor of engineering have been conferred on 
Professor E. DoleZal, of the Vienna Technical School, by the Technical 
School of Aix, and on Professor K. Heun, of the Karlsruhe Technical School, 
by the Berlin Technical School. 
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The French Government has conferred the cross of the legion of honor 
on Professor H. Fehr, dean of the faculty of sciences of the University of 
Geneva, in recognition of his assistance in enabling French soldiers interned 
in Switzerland to continue their studies there during the war. 


The honorary degree of doctor of science was conferred on Professor 
Albert Einstein by the University of Manchester. 


The University of St. Andrews has conferred the honorary degree of 
doctor of laws on Professor A. N. Whitehead. 


The Royal Society of Edinburgh has elected as honorary fellows Pro- 
fessor Salvatore Pincherle, of the University of Bologna, and Sir Ernest 
Rutherford. 


Sir J. J. Thomson succeeds Sir Richard Glazebrook as president of the 
Institute of Physics, London. 


The University of Edinburgh has conferred the degree of doctor of laws 
on Dr. Irving Langmuir, of the research laboratory of the General Electric 
Company, Schenectady. Dr. Langmuir opened the discussion on The 
structure of molecules at the Edinburgh meeting of the British Association. 


The University of Groningen has conferred an honorary degree in mathe- 
matics and astronomy on Miss Annie J. Cannon, of the Harvard Observa- 
tory, in acknowledgment-of her work on stellar spectra. 


Professor C. N. Haskins has been appointed one of the three repre- 
sentatives of the American Mathematical Society in the Division of Physical 
Sciences of the National Research Council to succeed Professor L. E. Dick- 
son, whose term expires on July 1, 1922. 


Professors Florian Cajori and O. D. Kellogg have been elected fellows 
of the American Academy of Arts and Sciences. 


The following university courses in mathematics are announced: 

Harvarp University (academic year 1921—1922).—All courses meet 
three times a week throughout the year, except those marked *, which meet 
for half a year.—By Professor W. F. Osgood: Differential and integral 
calculus (advanced course); Infinite series and products.*—By Professor 
C. L. Bouton: The elementary theory of differential equations;* Differen- 
tial equations, with an introduction to Lie’s theory of continuous groups. 
—By Professor J. L. Coolidge: Vector analysis;* The geometry of the 
circle—By Professor O. D. Kellogg: Dynamics (second course).*—By 
Professor G. D. Birkhoff: The theory of functions (introductory course); 
The theory of relativity.*—By Professor W. C. Graustein: Differential 
geometry of curves and surfaces;* Projective geometry;* Introduction to 
modern geometry.—By Dr. E. Hille: The analytical theory of heat and 
problems in elastic vibrations.*—By Dr. J. L. Walsh: Introduction to the 
theory of potential functions and Laplace’s equation;* The partial differen- 
tial equations of mathematical physics.* Professor Kellogg and Dr. Hille 
will conduct a fortnightly seminar in analysis. Courses of research are also 
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offered by Professor Coolidge in geometry, by Professor Kellogg in the 
theory of potential functions, by Professor Birkhoff in the theory of dif- 
ferential equations, and by Professor Graustein in geometry. 


INsTITUTE OF TECHNOLOGY (academic year 1921- 
1922).—By Dr. Norbert Wiener: Fourier’s series, two hours.—By Dr. 
George Rutledge: Theory of functions, two hours.—By Dr. S. D. Zeldin: 
Vector analysis, two hours.—By Professor H. B. Phillips: Modern electric 
theory, two hours.—By Professor C. L. E. Moore: Aeronautics, two hours. 
—By Professor F. S. Woods: Advanced calculus, three hours; Higher 
geometry, two hours.—By Professor F. L. Hitchcock: Mathematics ap- 
plied to chemistry, three hours. 


Rice InstiTuTe (academic year 1921-1922)—By Dr. H. E. Bray: 
Projective geometry and linear and quadratic forms.—By Professor P. J. 
Daniell: Statistical economics; Theory of radiation, electrons, and gravita- 
tion—By Professor G. C. Evans: Integral equations; Theoretical eco- 
nomics, mathematical treatment.—By Professor L. R. Ford: Differential 
equations.—By Mr. L. E. Ward: Euclidean and non-euclidean differential 
geometry. 


UNIVERSITY OF PENNSYLVANIA (academic year 1921-1922).—By Pro- 
fessor E. 8. Crawley: Theory of numbers, three hours (first term).—By 
Professor G. H. Hallett: Higher algebra, three hours; Galois theory of 
equations, three hours (second term).—By Professor O. E. Glenn: In- 
variants, three hours.—By Professor F. H. Safford: Partial differential 
equations, three hours.—By Professor M. J. Babb: Differential equations, 
three hours (first term); Functions of a complex variable, three hours 
(second term).—By Professor G. G. Chambers: Projective geometry, 
three hours.—By Professor H. H. Mitchell: Probability, three hours (first 
term); Algebraic numbers, three hours (second term).—By Professor F. W. 
Beal: Differential geometry, three hours.—By Professor J. R. Kline: 
Functions of a real variable, three hours (first term); Integrals of Lebesgue 
and related integrals, three hours (second term). 


At the Technical School at Graz, Dr. B. Baule, of the University of 
Hamburg, has been appointed professor of mathematics, and Dr. E. Kruppa 
has been promoted to an associate professorship. 


Dr. P. Funk has been promoted to an associate professorship of mathe- 
matics at the German Technical School at Prague. 


At the University of Frankfurt, Professor M. Dehn, of the Breslau 
Technical School, has been appointed full professor of mathematics. Pro- 
fessor A. Schoenflies has retired from active teaching. 


The Hannover Technical School has called Professor R. Grammel, of 
the Stuttgart Technical School, to a professorship of mathematics. Pro- 
fessor L. Kiepert has retired from active teaching. 


Professor H. Grassmann has been promoted to a full professorship of 
mathematics at the University of Giessen. 
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Professor O. Haupt, of the University of Rostock, has been appointed 
to a full professorship at the University of Erlangen. 


At the University of Bonn, Professor F. Hausdorff, of the University 
of Greifswald, has been appointed professor of mathematics. Professor 
J. O. Miiller has been appointed lecturer in algebra, theory of numbers, 
and theory of probability. 


At the University of Hamburg, Professor M. von Laue, of the University 
of Berlin, has been appointed professor of theoretical physics. Dr. P. 
Riebesell has been promoted to a professorship. 


Professor L. Lichtenstein, of the University of Miinster, has been ap- 
pointed full professor of mathematics at the University of Leipzig. 


Professor F. Pfeiffer has been promoted to a full professorship of mathe- 
matics at the University of Heidelberg. 


Dr. G. Prange has been appointed lecturer in applied mathematics at 
the University of Halle. 


Professor W. Schlink has been appointed professor of technical me- 
chanics at the Darmstadt Technical School. 


The following persons have been admitted as privat-docents: Dr. 8. 
Breuer, at the Karlsruhe Technical School; Dr. G. Doetsch, at the Han- 
nover Technical School; Dr. K. Reinhardt, at the University of Frankfurt. 


Professor L. Donati, of the University of Bologna, has retired from active 
teaching. 


Professor G. Scorza, of the University of Catania, has been appointed 
professor of analytic geometry at the University of Naples. 


Professors O. Lazzarino and M. Picone, of the University of Cagliari, 
have been appointed associate professors at the University of Catania. 
At the University of Cagliari, Dr. Pia Nalli has been appointed associate 
professor of infinitesimal analysis, and Dr. Lucio Silla associate professor 
of rational mechanics. 


Professor Henri Lebesgue has been appointed professor at the Collége 
de France, as successor to the late Professor Georges Humbert. 


Professor H. C. Plummer, Royal Astronomer of Ireland and professor 
of astronomy at the University of Dublin, has been appointed professor 
of mathematics at the Ordnance College, Woolwich. 


Mr. H. J. Davis, of University College, Southampton, has been ap- 
pointed lecturer in mathematics at the Bradford Technical College. 


At the University of Alberta, Associate Professor S. D. Killam has been 
promoted to a full professorship, and Assistant Professor J. W. Campbell 
to an associate professorship of mathematics. 
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Dr. H. R. Kingston, formerly of the University of Manitoba, has been 
appointed professor and head of the department of mathematics at Western 
University, London, Ontario. 


Dr. Theodore Lyman has been appointed to the Hollis professorship of 
mathematics and natural philosophy at Harvard University, the chair 
successively held by Benjamin Peirce and Wallace C. Sabine. 


Ait the California Institute of Technology, Professor H. A. Lorentz, 
of the University of Leyden, will be in residence as lecturer and research 
associate during two months of the winter of 1921-22. Dr. C. G. Darwin, 
of Cambridge University, has been appointed professor of mathematical 
physics for the academic year 1922-23. 


Professor G. G. Chambers and H. H. Mitchell have been promoted to 
full professorships of mathematics at the University of Pennsylvania. 


Dean T. F. Holgate, of Northwestern University, has been invited to 
spend his sabbatical year (1921-22) at the University of Nanking, China, 
lecturing on mathematical subjects and assisting in the general organization 
of the University. 


At Oberlin College. Dr. C. H. Yeaton, of the Milwaukee College of 
Engineering, has been appointed assistant professor of mathematics. 
Mr. F. E. Carr has been promoted to an assistant professorship. 


Mr. L. S. Hill has been appointed associate professor of mathematics 
at the University of Maine. 


Dr. W. E. Edington, of the University of Illinois, has been appointed 
assistant professor of mathematics at Pennsylvania State College. 


Professor M. O. Tripp, of the University of Maine, has been appointed 
professor of mathematics at Wittenberg College. 


Dr. D. V. Steed, of the University of California, has been appointed 
assistant professor of mathematics at the University of Southern California. 


Mr. E. L. Mackie, of Harvard University, has been appointed assistant 
professor of mathematics at the University of North Carolina. 


Dr. C. G. P. Kuschke has been appointed assistant professor of mathe- 
matics and physics at the University of Porto Rico. 


Professor Eva Chandler, of Wellesley College, has retired from active 
teaching. 

Dr. C. N. Reynolds, of Dartmouth College, has been appointed assistant 
professor of mathematics at the University of West Virginia. 


Professor Gertrude I. McCain, of Oxford College, Oxford, Ohio, has 
been appointed professor of mathematics at Westminster College, New 
Wilmington, Pa. 
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President R. J. Aley, of the University of Maine, formerly professor of 
mathematics and dean at the University of Indiana, has been appointed 
president of Butler College, Indianapolis. 


Professor J. D. Bond, of the Agricultural and Mechanical College of 
Texas, has been appointed associate professor of mathematics at Louisiana 
State University. 


Dr. F. R. Morris, of the University of California, has been made head 
of the department of mathematics at the State Teachers and Junior College 
at Fresno. 


Professor G. H. Cresse, of the U. S. Naval Academy, has been appointed 
associate professor of mathematics at the University of Arizona. 


Mr. E. T. Browne has been appointed assistant professor of mathematics 
at Trinity College. 


Professor T. O. Walton, of Michigan Agricultural College, has been 
appointed assistant professor of mathematics at Kalamazoo College. 


Dr. E. S. Hammond, of Princeton University, has been appointed 
assistant professor of mathematics at Bowdoin College. 


At Purdue University, Professor William Marshall has been made acting 
head of the department of mathematics; Mr. F. H. Hodge and Mr. C. S. 
Doan have been appointed assistant professors. 


At Kansas State Agricultural College, Miss Bess J. McKittrick, Miss 
Emma Hyde and Mr. C. S. Lewis have been promoted to assistant profes- 
sorships. 

At Northwestern University, Associate Professor E. J. Moulton has been 
promoted to a full professorship. 


At Johns Hopkins University, Dr. F. D. Murnaghan has been promoted 
to an associate professorship of applied mathematics. 


At Yale University, Professor W. A. Wilson has been promoted to a full 
professorship. 


At Lehigh University, Assistant Professors J. E. Stocker and J. B. 
Reynolds have been promoted to associate professorships of mathematics 
and astronomy. 


At Smith College, Assistant Professor Susan R. Benedict has been pro- 
moted to a full professorship. 


At Dickinson College, Professor W. W. Landis has leave of absence, 
which he is spending in Europe. Professor N. B. Rosenberger is acting 
head of the Department of Mathematics. 


At the University of Minnesota, Associate Professor W. F. Holman has 
been promoted to a full professorship, and Assistant Professor H. H. 
Dalaker has been promoted to an associate professorship. 


| 
| 
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At Kalamazoo College, Professor T. O. Walton of the Michigan Agri- 
cultural College has been appointed assistant professor. 


At the University of Wisconsin, Assistant Professor A. Dresden has been 
promoted to an associate professorship. 


At Colorado College, Associate Professor W. V. Lovitt has been pro- 
moted to a full professorship. 


At Iowa State College, Professor Maria M. Roberts has been appointed 
Dean of the Junior College; Assistant Professor Helen Tappan has been 
promoted to an associate professorship; Professor E. R. Smith of Penn- 
sylvania State College has been appointed head of the Department; Dr. 
E. S. Allen of West Virginia University has been appointed associate 
professor; Dr. J. S. Turner has been appointed assistant professor. Pro- 
fessor J. V. McKelvey, whose appointment at Westminster College was 
previously announced (this BULLETIN, vol. 27, p. 337), will remain at Iowa 
State College. 


Mr. E. H. Vance has been appointed professor of mathematics at 
Defiance College. 


The following recent appointments to instructorships in mathematics 
at American colleges and universities are announced: 

Bradley Polytechnic Institute, Mr. A. E. Gant; 

Bucknell University, Mrs. Theron Clark; 

University of California, Dr. P. H. Daus; 

Colgate University, Mr. H. A. Dobell; 

Colorado College, Miss W. M. Spingler; 

Harvard University, Mr. H. W. Brinkman, Mr. R. M. Foster, Dr. 
C. E. Hille (Peirce instructor), Mr. Lincoln LaPaz, Dr. J. L. Walsh (per- 
manent instructor) ; 

Hood College, Miss Rachel T. Easterbrooks; 

University of Illinois, Dr. C. C. Camp, Dr. J. M. Stetson, Dr. Beulah 
Armstrong; 

Iowa State College, Mr. A. L. Young; 

Knox College, Miss Helen Calkins; 

Mills College, Dr. Nina M. Alderton; 

University of Minnesota, Mr. C. G. Phipps; 

University of Missouri, Miss Katherine Wyant; 

University of Pennsylvania, Mr. J. D. Eshieman; 

Princeton University, Dr. C. C. MacDuffee, Dr. E. L. Post; 

Purdue University, Mr. J. W. Branson, Mr. E. G. Keller, Mr. J. Knox, 
Mr. J. H. Shock; 
Rice Institute, Mr. L. E. Ward; 
University of Rochester, Mr. D. E. Whitford; 
Rose Polytechnic Institute, Mr. A. J. Bedard; 
University of Texas, Mr. R. L. Wilder; 
Union College, Mr. Ralph Bennett, Mr. A. D. Snyder; 
Washington and Jefferson College, Mr. C. J. Cardin; 
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Wellesley College, Miss Rachel Blodgett, Miss Ruby Willis; 

Western College for Women, Miss May B. Carter; 

University of Wisconsin, Mr. M. L. MacQueen, Mr. E. B. Miller, Mr. 
A. R. Wapple; 

Yale University, Dr. M. C. Foster. 


Dr. A. W. A. Thaer, director of the Oberrealschule at Hamburg, died 
March 1, 1921, at the age of sixty-six years. 


Professor J. K. Thomae, of the University of Jena, died April 1, 1921, 
at the age of eighty-one years. 


The death is reported of Professor V. Dantschler von Kollesburg, of the 
University of Graz, at the age of seventy-three years. 


The death is reported of Professor N. Joukowski, of the Moscow Tech- 
nical School. 


The death is reported of Professor A. Riggenbach-Burckhardt, of the 
University of Basel. 


J. A. Gaillot, formerly sub-director of the Paris Observatory and 
collaborator with Leverrier in the preparation of his tables, died at Chartres, 
June 4, 1921, at the age of eighty-seven years. 


Professor Gabriel Lippman, of the department of physics of the Univer- 
sity of Paris, died on June 13, 1921, at the age of seventy-five years. 


Mr. H. T. Gerrans, of Oxford University, died June 20, 1921. Mr. 
Gerrans had been a member of the American Mathematical Society since 
1901. 


Professor Hermann Amandus Schwarz of. Berlin died November 30, 
1921. Born January 25, 1843, he studied at Berlin, receiving his doctorate 
in 1864. He taught at Halle, Zirich, Géttingen, and Berlin. He held the 
honorary doctorate of the University of Christiania and was a member 
of the learned societies of Berlin, Géttingen, and Paris. He published a 
number of memoirs on subjects of analysis and differential geometry. His 
collected works appeared in 1890. 


Professor Camille Jordan of the Collége de France and the Ecdle 
Polytechnique, died January 21, 1922. He was born at Lyon, January 5, 
1838. He received the doctorate at Paris in 1861. He was widely known 
for his important and valuable contributions to analysis, algebra and 
geometry. He was a member of the Institute and of a large number of 
mathematical societies, and held honorary degrees from Christiania and 
Louvain. He was editor of the Journal de Mathématiques Pures et 
Appliquées. He served as Vice-President of the Fourth International 
Congress of Mathematicians at Rome, 1908. 


Professor Nathaniel French Davis, Emeritus, of Brown University, 
died May 17th, 1921. Professor Davis was born at Laconia, New Hamp- 
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shire, June 11th, 1847. He attended Brown University and the University 
of Géttingen, and held the degree of LL.D. from Colby College. After 
teaching in secondary and normal schools, he came to Brown University 
as instructor in 1874 and became assistant professor in 1879, associate 
professor in 1889, professor in 1890, and emeritus professor in 1915. Pro- 
fessor Davis had been a member of the American Mathematical Society 
since 1891. 


Professor Alfred Monroe Kenyon, head of the Department of Mathe- 
matics at Purdue University, died on July 27th, 1921. Professor Kenyon 
was born at Medina, Ohio, December 10th, 1869. He attended Hiram 
College, Case School of Applied Science, and Harvard University. After 
teaching in a secondary school, at Case School of Applied Science, and at 
the Massachusetts Nautical Training School, he came to Purdue as in- 
structor in 1898, became associate professor in 1901, professor in 1903, and 
head of the Department in 1908. He was the author of several college 
text-books. Professor Kenyon had been a member of the American 
Mathematical Society since 1900. 


Professor Henry Turner Eddy, Emeritus, of the University of Minne- 
sota, died December 18, 1921. He was born at Stoughton, Mass., June 9, 
1844. He studied at Yale, Cornell, Berlin and Paris, receiving his doctor- 
ate at Cornell in 1872. He held honorary degrees from Central College 
and Yale. He taught at Yale, Cornell, and Princeton, was Dean and later 
President at Cincinnati, and served as President of Rose Polytechnic 
Institute from 1890 to 1894. He came to Minnesota as Professor in 1894, 
and became Dean of the Graduate School in 1906. He retired from both 
positions with the title Emeritus in 1912. Professor Eddy was Secretary 
of Section A of the American Association for the Advancement of Science 
in 1882, and Vice-President of the Association in 1884. He was President 
of the Society for the Promotion of Engineering Education in 1896. He 
had been a member of the American Mathematical Society since 1891. 


Professor Wooster Woodruff Beman of the University of Michigan died 
January 18, 1921. He was born May 28, 1850. He studied at the Univer- 
sity of Michigan, receiving his master’s degree in 1873. He taught at 
Kalamazoo College and at Michigan, where he became full Professor in 
1887. He had been a member of the American Mathematical Society since 
1891. He was Secretary of Section A of the American Association for the 
Advancement of Science in 1890, and Vice-President in 1897. He was 
well known as joint author of a number of elementary text-books and as a 
translator of several famous monographs. 


Professor Charles Leonard Bouton of Harvard University died February 
20, 1922. He was born at St. Louis, April 25, 1869. After receiving his 
mathematical training at Washington University, Harvard and Leipsic, 
he taught at Washington University and at Harvard. He had been a 
member of the American Mathematical Society since 1898, and served on 
the editorial staff of the BuLLETIN and the TRANSACTIONS. 


| 
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NEW PUBLICATIONS 
I. HIGHER MATHEMATICS 


BacuMANN (P.). Niedere Zahlentheorie. 1ter Teil. Anastatischer Neu- 
druck. Leipzig, 1921. 

BAUMGARTNER (L.). Gruppentheorie. (Sammlung Gédschen.) Berlin, 
Vereinigung wissenschaftlicher Verleger, 1921. 

Branca (L.). Lezioni sulla teoria dei numeri algebrici e principt d’arit- 
metica analitica. Corso d’analisi 1920-1921. Pisa, 1921. 8vo. 
8 + 444 pp. 

Carstaw (H. §.). Introduction to the theory of Fourier’s series and 
integrals. 2d edition, completely revised. London, Macmillan, 1921. 
8vo. 12 + 323 pp. 30s 

Corrat (J. I.). Nuevos teoremas que resuelven el problema de Hurwitz 
Madrid, Imprenta Cldsica Espafiola, 1921. 

ENcYKLOPADIE der mathematischen Wissenschaften. Band II 2, Heft 5: 
E. Hilb, Nichtlineare Differentialgleichungen. A. Krazer and W. 
Wirtinger, Abelsche Funktionen und allgemeine Thetafunktionen. 
Titel, Inhaltsverzeichnis und Register zu Band II 2. Leipzig, Teub- 
ner, 1921. 

Fryer (E.). Asymptotische Darstellung gewisser meromorpher Funk- 
tionen. (Diss.) Breslau, 1919. 

Hatpuen (G. H.). CEuvres. Tome 3. Paris, Gauthier-Villars, 1921. 
8vo. 12 + 518 pp. Fr. 90.00 

His (E.). See 

IsENKRAHE (C.). Untersuchungen iiber das Endliche und das Unendliche 
mit Ausblicken auf die philosophische Apologetik. Bonn, Marcus und 
Webers Verlag, 1920. In3 Banden. 8+224+8-+230 +12 +247 pp. 

Krazer (A.). See ENcyKLOPADIE. 

Lecat (M.). Bibliographie des séries trigonométriques avec un appendice 
sur le calcul des variations. Bruxelles, chez l’auteur, 1921. 8vo. 
8 + 168 pp. Fr. 25.00 

L6FFLER (E.). See Sever (F.). 

Parrman (E.). Tables of the digamma and trigamma functions. (Tracts 
for Computers, edited by Karl Pearson, No. 1.) Cambridge, Univer- 
sity Press, 1919. 8vo. 19 pp. 38. 

Pearson (K.). See Parrman (E.). 

Perron (O.). Irrationalzahlen. Berlin, Vereinigung wissenschaftlicher 
Verleger, 1921. 8vo. 8 + 186 pp. 

PrinGsHEm (A.). Vorlesungen iiber Zahlen- und Funktionenlehre. Band 
1: Zahlenlehre. 3te Abteilung: Komplexe Zahlen. Reihen mit kom- 
plexen Gliedern. Unendliche Produkte und Kettenbriiche. Leipzig, 
Teubner, 1921. 

Runce (C.). Praxis der Gleichungen. 2te, verbesserte Auflage. Berlin, 
Vereinigung wissenschaftlicher Verleger, 1921. 8vo. 2+ 172 pp. 

Scuerrers (G.). Einfiihrung in die Theorie der Kurven in der Ebene und 
im Raume. 2te, verbesserte und vermehrte Auflage. Anastatischer 
Neudruck. Berlin, 1921. 
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Severi (F.). Vorlesungen iiber algebraische Geometrie. Geometrie auf 
einer Kurve. Riemannsche Flichen. Abelsche Integrale. Berech- 
tigte Deutsche Uebersetzung von Dr. Eugen Léffler. Leipzig, Teub- 
ner, 1921. 8vo. 16 + 408 pp. 

Weser (H.). Lehrbuch der Algebra. Kleine Ausgabe in einem Bande. 
2ter unveranderter Abdruck. Braunschweig, Vieweg,1921. 10+ 528 


Pp. 
Wretincer (W.). See 


Il. ELEMENTARY MATHEMATICS 


Bau (W. W. R.). String figures. 2d edition. Cambridge, University 
Press, 1921. 69 pp. 2s. 6d. 

Batser (L.). See Nexu (A. M.). 

Barpey (E.). See Lrerzmann (W.). 

Bertmy (C.). La droite radiogoniométrique. Paris, Gauthier-Villars, 
1921. 8vo. 12 pp. Fr. 2.00 

Drespen (A.). Plane trigonometry. NewYork, Wiley,1921. +110 pp. 

Epwarps (J.). A treatise on the integral calculus, with applications, 
examples, and problems. Volume 1. London, Macmillan, 1921. 


21 + 907 pp. 50s. 
Emcx (H.). Mathematik in der Natur. Ziirich, Rascher, 1921. 16mo. 
86 pp. 


Ernst (E.). Mathematische Unterhaltungen und Spielereien fir Schiler 
und Freunde der Mathematik. Band 2. Ravensberg, 1921. 

GravsTEIn (W.C.). See Oscoop (W. F.). 

Hayasai (K.). Fiinfstellige Tafeln der Kreis- und Hyperbelfunktionen 
sowie der Funktionen e* und e~* mit den natiirlichen Zahlen als 
Argument. Berlin, Vereinigung wissenschaftlicher Verleger, 1921. 

Hoxe (K. J.). See Wizson (G. M.). 

June (J.). Der Ueberschlag. Ein rasches Naherungsverfahren zum 
Berechnen von Summen, besonders bei grosser Postenzahl. Wien, 
Gerold, 1919. 

Lietzmann (W.). Bardey-Lietzmann, Aufgabensammlung fir Arith- 
metik, Algebra und Analysis. Reformausgabe B fir Realanstalten, 
Unterstufe. 4te Auflage. Leipzig, Teubner, 1920. 220 pp. 

Newt (A. M.). Fiinfstellige Logarithmen der Zahlen und der trigonome- 
trischen Funktionen. Vollige Neubearbeitung von L. Balser. Gies- 
sen, 1920. 

D’OcaGnE (M.). Instruction sur l’usage de la régle 4 calcul. 2e édition. 
Paris, Gauthier-Villars, 1921. 8vo. 8 pp. Fr. 1.50 

Oscoop (W. F.) and Grausrein (W.C.). Plane and solid analytic geom- 
etry. New York, Macmillan, 1921. 18 + 614 pp. 

Scorr (P. W.). Elements of practical geometry. A two years’ course for 
day and technical evening students. London, Pitman, 1921. 5 +185 
pp. 5s. 

WEREMEISTER (P.). Praktisches Zahlenrechnen. (Sammlung Géschen.) 

Berlin, Vereinigung wissenschaftlicher Verleger, 1921. 
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Wispenes (P.). Lagere algebra. Deel I: De algebraische grootheden en 
hare bewerkingen. Antwoorden en uitwerkingen van de vraagstukken 
uit Lagere algebra, I. Groningen, Noordhoff, 1919-1920. 8vo. 287 


+ 60 pp. Fl. 4.68 + 2.00 
Wirson (G. M.) and Hoxs (K. J.) Howto measure. London and New 
York, Macmillan, 1921. 7 + 285 pp. 12s. 


Ill. APPLIED MATHEMATICS 


Apams (0. 8.). Latitude developments connected with geodesy and car- 
tography with tables including a table for Lambert equal-area 
meridional projection. (U. S. Coast and Geodetic Survey, Special 
Publication No. 67.) Washington, Government Printing Office, 1921. 
132 pp. 

p’ALEMBERT (J.). Traité de dynamique. 2 volumes. (Les Mattres de 
la Pensée Scientifique.) Paris, Gauthier-Villars, 1921. 16mo. 40 


+ 102 pp. Fr. 6.00 
Baver (G.). Die Helmholtzsche Wirbeltheorie fiir Ingenieure bearbeitet. 
Miinchen, 1919. 


BavscHINGER (J.). See ENCYKLOPADIE. 

Beer, F. Die Einsteinsche Relativitatstheorie und ihre historisches 
Fundament. Sechs Vortrage fur Laien. 4te Auflage. Wiem. 1920. 

Buiocn (E.). Théorie cinétique des gaz. Paris, Colin, 1921. 16mo. 


176 pp. Fr. 5.00 
Brovetsky (S.). The nféchanical principles of the aeroplane. London, 
J. and A. Churchill, 1921. 7 + 272 pp. 21s. 


CHARBONNIER (P.). Traité de balistique extérieure. Tome 1: Les 
théorémes généraux de la balistique. Paris, G. Doin et Gauthier- 
Villars, 1921. 8vo. 9 + 637 pp. Fr. 75.00 

Cuatiey (H.). A text-book of Aeronautical Engineering. The problem 
of flight. 3d edition. London, Griffin, 1921. 

CratTHornE (A. R.). See Rrerz (H. L.). 

Czuser (E.). Die statistischen Forschungsmethoden. Wien, Seidel, 
1921. 8vo. 250 pp. 

Dent (J. A.) and Harper (A.C.). Kinematics and kinetics of machinery. 
New York, Wiley, 1921. 

Eppineron (A. Espace, temps, gravitation. Traduit de l’anglais 
par J. Rossignol. Introduction de P. Langevin. Paris, Hermann, 
1921. 8vo. 430 pp. Fr. 28.00 

Exsrein (A.). Geometrie und Erfahrung. Berlin, Springer, 1921. 

—. See Freunptics (E.). 

ENcYKLOPADIE der mathematischen Wissenschaften. Band VI 2, Heft 7: 
K. Laves, Die Satelliten. J. Bauschinger, Bestimmung und Zusam- 
menhang der astronomischen Konstanten. Leipzig, Teubner, 1920. 

FREvNDLIicH (E.). Die Grundlagen der Einsteinschen Gravitationstheorie. 
Mit einem Vorwort von A. Einstein. 4te, erweiterte und verbesserte 
Auflage. Berlin, Springer, 1920. 

Founx (P.). Die linearen Differenzengleichungen und ihre Anwendungen 
in der Theorie der Baukonstruktionen. Berlin, Springer, 1920. 84 pp. 


86 NEW PUBLICATIONS [Jan.—Feb., 


Govarp (E.) et Hrernavux (G.). Mécanique, précédée d’une étude sur 
les graphiques. Paris, Dunod, 1920. 8vo. 148 pp. Fr. 11.00 

GramMMEL (R.). Der Kreisel. Seine Theorie und seine Anwendungen. 
Braunschweig, Vieweg, 1920. 10 + 350 pp. 

Gripsie (T. G.). Handy methods of geodetic astronomy for land sur- 
veyors. London, Potter, 1921. 28 pp. 

Grisext (E.). Lehrbuch der Physik. Band 1: Mechanik, Akustik, 
Warmelehre und Optik. 4te Auflage. Leipzig, Teubner, 1920. 
1011 pp. 

Hamet (G.). Mechanik. I: Grundbegriffe der Mechanik. (Aus Natur 
und Geisteswelt, Band 684.) Leipzig, Teubner, 1921. 132 pp. 

Harper (A.C.). See Dent (J. A.). 

Harrow (B.). From Newton to Einstein. Changing conceptions of the 
universe. London, Constable, 1920. 10 + 95 pp. 2s. 6d. 

Heato (T. L.). The Copernicus of antiquity (Aristarchus of Samos). 
(Pioneers of Progress: Men of Science Series.) London, Society for 
Promoting Christian Knowledge, and New York, Macmillan, 1921. 
12mo. 60 pp. 2s. 6d. 

Hrernavx (G.). See Govarp (E.). 

JAEGER (F. M.). Lectures on the principle of symmetry and its applica- 
tions in all natural sciences. 2d edition. Amsterdam, “Elsevier,’’ 
1920. 12 + 348 pp. 

JaNneET (P.). Legons d’électrotechnique générale. Paris, Gauthier-Villars. 
Tome 1: Généralités. Courants continus. 5e édition. 1921. 8 
+ 452 pp. Tome 3: Moteurs 4 courants“alternatifs. Couplage et 
compoundage des alternateurs. Transformateurs polymorphiques. 


4e édition. 1920. 4 + 388 pp. Fr. 45.00 + 36.00 
Jeans (J..H.). The dynamical theory of gases. 3d edition. Cambridge, 
University Press, 1920. 7 + 442 pp. 30s. 


Kant (H.). Das luftelektrische Potentialgefalle als Funktion der Hohe. 
(Diss., Kiel.) Kiel, Druck von H. Fiencke, 1915. 8vo. 56 pp. 
Keat (H. M.) and Leonarp (C. J.). Mathematics for electrical students. 

New York, Wiley, 1921. 

KircHBErGER (P.). Mathematische Streifziige durch die Geschichte der 
Astronomie. (Mathematisch-physikalische Bibliothek, Band 40.) 
Leipzig, Teubner, 1921. 4 + 54 pp. 

——. Was kann man ohne Mathematik von der Relativitatstheorie 
verstehen? Mit einem Geleitwort von M. von Laue. 2te, vermehrte 
Auflage. Karlsruhe, 1921. 

Koprr (A.). Grundziige der Einsteinschen Relativitatstheorie. Leipzig, 
Hirzel, 1921. 8 + 198 pp. 

LapENBERG (R.). Plancks elementares Wirkungsquantum und die 
Methoden zu seiner Bestimmung. Leipzig, 1921. 

Lams (H.). Higher mechanics. Cambridge, University Press, 4 
10 + 272 pp. 5s. 

Lammet (R.). Die Grundlagen der Relativitatstheorie. 
schaftlich dargestellt. Berlin, Springer, 1921. M. 14.00 

LANGEVIN (P.). See Eppineton (A. S.). 
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von Lave (M.): Die Relativitaitstheorie. Band 1: Das Relativitats- 
prinzip der Lorenztransformation. 4te vermehrte Auflage. Braun- 
schweig, Vieweg, 1921. 13 + 302 pp. 

—. See Kircusercer (P.). 

Laves (K.). See ENCYKLOPADIE. 

LEonarp (C. J.). See (H. M.). 

Love (A. E. H.). Theoretical mechanics. An introductory treatise on 
the principles of dynamics. 3d edition. Cambridge, University 
Press, 1921. 15 + 310 pp. 30s. 

Lupenporrr (H.). See Wisticenus (W. F.). 

MacDovuecaut (F. H.). Thermodynamics and chemistry. New York, 
Wiley, and London, Chapman and Hall, 1921. 5 + 391 pp. 30s. 

Macs (E.). Die Prinzipien der physikalischen Optik. Leipzig, Barth, 
1921. 10 + 444 pp. 

Maaer (G. A.). Dinamica fisica. Lezioni sulle leggi generali del movi- 
mento dei corpi naturali. 3a edizione. Pisa, Spoerri, 1921. 

—. Dinamica dei sistemi. Pisa, 1921. 8vo. 7 + 408 pp. 

Masius (M.). See Rovaier (L.). 

Micuaup (F.). Energétique générale. Paris, Gauthier-Villars, 1921. 
8vo. 7 + 229 pp. Fr. 20.00 

Minanxovitcu (M.). Théorie mathématique des phénoménes thermiques 
produits par la radiation solaire. Paris, Gauthier-Villars, 1920. 
8vo. 16 + 340 pp. Fr. 20.00 

Newsicin (M. I.). Ordnance survey maps;_their meaning and use. 2d 
edition. London, Macmillan, 1920. 

Nixsson (M. P.). Primitive time-reckoning. A study in the origins and 
first development of the art of counting time among the primitive 
and early culture people. Lund, Gleerup, and London, Oxford Uni- 
versity Press, 1920. 13 + 384 pp. 21s. 

Outivier (H.). Cours de physique generale. Tome 1. 2eedition. Paris, 
Hermann, 1921. 8vo. 750 pp. 

OprenHErM (S.). Das astronomische Weltbild im Wandel der Zeit. II: 
Moderne Astronomen. 2te Auflage. (Aus Natur und Geisteswelt, 
Nr. 445.) Leipzig, Teubner, 1920. 

PatscHke (A.). Umstutz der Einsteinschen Relativitatstheorie. Ein- 
fiihrung in die einheitliche Erklarung und Mechanik der Naturkrafte . 
Berlin-Wilmersdorf, Selbstverlag, 1920. 

PayYNTER (J. E.). Practical geometry for builders and architects. Lon- 


don, Chapman and Hall, 1921. 12 + 409 pp. 15s. 
PerrovitcH (M.). Mécanismes communs aux phénoménes disparates. 
Paris, Alcan, 1921. 280 pp. Fr. 8.00 


Perzoup (J.). Die Stellung der Relativitatstheorie in der geistigen Ent- 
wicklung der Menschheit. Dresden, Sybillen-Verlag, 1921. 

Pianck (M.). Die Enstehung und bisherige Entwicklung der Quanten- 
theorie. Leipzig, Barth, 1920. S8vo. 32 pp. 

(H. L.), CrarHorne (A. R.) and Rierz (J. C.). Mathematics of 
finance. New York, Holt, 1921. 14 + 280 pp. 

Rierz (J. C.). See Rrerz (H. L.). 
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Ross (A. A.). The absolute relations of time and space. Cambridge, 
University Press, 1921. 9 + 80 pp. 5s. 

RossiGnou (J.). See Eppineron (A. 8.). 

Rovaerer (L.). Philosophy and the new physics. An essay on the 
relativity theory and the theory of quanta. Authorized translation 
from the author’s corrected text of “La matérialisation de ]’énergie” 
by M. Masius. Philadelphia, Blakiston, 1921. 16mo. 16 + 159 pp. 

$1.75 

Scuiesincer (L.). Raum, Zeit und Relativitatstheorie. Gemeinver- 
stindliche Vortrige. Leipzig, Teubner, 1920. 40 pp. 

Scuitirer (W.). Beitrag zur Geschichte der Basisvergrésserung und zur 
Theorie der zweckmiissigsten Form des Vergrésserungsdreieckes. 
(Diss., Karlsruhe.) Mittweida, Selbstverlag, 1920. 

Scumip (T.). Darstellende Geometrie. 2ter Band. (Sammlung Schu- 
bert, Nr. 66.) Berlin, Vereinigung wissenschaftlicher Verleger, 1921. 
315 pp. M. 33.00 

Scunewer (I.). Das Raum-Zeit-Problem bei Kant und Einstein. Berlin, 
Springer, 1921. M. 12.00 

Scuwarzscuitp (K.). Ueber den Einfluss von Wind und Luftdichte auf 
die Flugbahn der Geschosse. Berlin, 1920. 

Serric (T.). Statique graphique des systémes triangulés. 3e édition. 
Tome 1: Exposés théoriques. Tome 2: Exemples d’applications. 
Paris, Gauthier-Villars, 1918. S8vo. Fr. 3.75 + 3.75 
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